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Figure 2-14: An example algorithm for unidirectional polarization control 

There are three main modules in this unidirectional polarization control system: calibration, 

algorithm and implementation. 
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The calibration module is to determine the behavior of the actuators.  In a PPC, there are 

typically three piezoelectric actuators.  Each actuator will rotate the output SOP around a 

different DES.  The calibration step is to determine the DES that characterizes each actuator.  

After the calibration is done, the user can input their target SOP. 

Once the user has entered their target SOP, the algorithm runs to determine the angular trajectory 

of the SOP from its initial state to the target state.   The algorithm is divided into two steps.  The 

first step is to determine if only one actuator can reach a target SOP.  This can be done by 

applying Equation (2.32).  If this step shows that none of the actuators can reach a target SOP, 

then two actuators are used instead.  The algorithm runs to determine the two SOP circles that 

need to be formed for the SOP to travel from the input SOP to the target SOP (see Figure 2-8).  

The third module is to translate the angular trajectory into voltages necessary for the PPC.  The 

voltages are then applied to the PPCs, which will then transform the initial SOP to the final SOP.   

Combining the three modules, we can demonstrate a unidirectional polarization control system 

that can accurately reach the target SOP within 2.7%.   

The calibration and implementation module can be customized for any physical polarization 

control system while the algorithm is universal to any unidirectional polarization control system.  

For a more detail explanation of how the algorithm and the implementation modules were 

implemented, see Appendix A.  With the basic description of how the unidirectional 

configuration can be modeled and controlled, we can now apply those same modeling tools to 

the bidirectional configuration. 
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Chapter 3  

 

Bidirectional Model with One Control Element 

3  
The unidirectional system provided modeling tools that can be extended to the bidirectional 

configuration.  To develop a model for the bidirectional configuration, we will in this Chapter 

focus on a system (shown in Figure 3-1) with one polarization control element. A model for the 

system consisting of multiple control elements will be developed in Chapter 4. 

3.1 System Model and Considerations 

 

Figure 3-1: The basic system with one polarization control element.  The input signal propagates 
through the fiber into the PC.  The signal exits the PC into the fiber and travels to the FBG.  The 
FBG reflects the signal back to PC where it exits the system. 

Each of the physical components in Figure 3-1 will be modeled as a system block and an 

equivalent transmission matrix.  

A signal with input SOP,̂ݏ௜௡, propagating through a PC with reflections in the system can be 

visualized as a system block diagram Figure 3-2 
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݊݅ݏ̂ ݐݑ݋ݏ̂   

 

Figure 3-2: The system block diagram of a signal propagating through a PC with an FBG 

The unidirectional model was developed under ideal conditions as stated in Section 2.2. Those 

assumptions are also applied to the bidirectional model.  Some additional assumptions include 1) 

the FBG is a frequency dependent mirror that is completely reflective and is not polarization 

dependent; and 2) the PC is an ideal piezoelectric actuator that only alters the birefringence on a 

point on the fiber. 

The system block diagram in Figure 3-2 can be difficult to analyze, so another approach is to 

treat the FBG as a system component with a transmission matrix [23].  The components in front 

of the FBG can be mirrored and the signal can be visualized as propagating through the system 

in one direction instead of two as seen in Figure 3-3.  

ݐݑ݋ݏ̂ ݊݅ݏ̂ 

 
Figure 3-3: Equivalent system block diagram detailing how an output signal is transformed as it 
propagates through each component.  Note: there is only one actuator but the signal passes 
through the actuator twice in different directions. 

This method allows us to apply a transmission matrix approach to the cascaded system.  Even 

though Figure 3-3 depicts a signal passing through another PC and another fiber section, it 

should be noted that physically these two components are still the same. However, the 
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transmission matrices for these components in the forward and reverse directions are different, 

which will be discussed in the next section. 

With the aid of the system block diagram in Figure 3-3, the output SOP, ̂ݏ௢௨௧ in relation to the 

input SOP ̂ݏ௜௡ can be described as: 

௢௨௧ݏ̂  = ܴ௉஼,ோ ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ܴ௉஼,ி ௜௡ (3.1)ݏ̂

Like the unidirectional system, in order to measure the output SOP, ̂ݏ௢௨௧, a polarimeter is used 

which means that an additional fiber section is connected to the output of the PC as seen in 

Figure 3-4: 

ݐݑ݋ݏ̂ ݐ̂ ݊݅ݏ̂ 

 

Figure 3-4: In addition to the system components, a polarimeter is used to measured the output 
SOP.  In order to measure the output SOP, fiber is connected between the polarimeter and the PC 
which will rotate the output SOP, ො࢙࢚࢛࢕to an SOP, ො࢚. 

The fiber connecting the polarimeter to the output of the PC will rotate the output SOP ̂ݏ௢௨௧ . 
Therefore the measured SOP, ̂ݐ is related to the output SOP ̂ݏ௢௨௧ by: 

ݐ̂  = ௙ܴ,௣௢௟ ௢௨௧ (3.2)ݏ̂

In the next section, the transmission matrix for the reflective element will be discussed, followed 

by a discussion on the relationship between the forward and backward components.  

3.2 Transmission Matrix of the FBG 
The FBG is a fixed optical component and can be represented with a transmission matrix.  Since 

the FBG acts like a mirror, it can be described with the transmission matrix for a mirror.  From 

[23], the Jones matrix that describes the effect of a mirror is:  

 ܷ௠௜௥௥௢௥ = ቂ−1 00 1ቃ (3.3)
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Here, we assume 100% transmission of the FBG.  Even if the FBG transmission is less than 

100%, as long as the polarization dependence on transmission is negligible, one can still use 

Equation (3.3) with a scaling factor, which would not change the result derived in this section 

other than the scaling factor.  So, for the purpose of our theoretical model, the assumption that 

the FBG is a perfect mirror is reasonable.  Furthermore, this assumption simplifies the 

development of the model. In order to apply the transmission matrix of the mirror in this model, 

Equation (3.3) needs to be converted to Stokes Space.  Equation (2.5) is applied to ܷ௠௜௥௥௢௥:   

 ܴ௠௜௥௥௢௥ = ൥1 0 00 −1 00 0 −1൩ (3.4)

3.3 Relationship between Forward and Reverse Transmission 
Matrices 

As mentioned, the matrices that describe the forward and reverse transmission matrices of the PC ܴ௉஼,ி, ܴ௉஼,ோ and the forward and reverse transmission matrices of the fiber ௙ܴ,ி , ௙ܴ,ோ is in the 

form of Equation (2.22).  As it was alluded to Section 3.1, the transmission matrices in the 

forward and reverse propagation direction are different.  However, there is a method to relate the 

transmission matrix in the forward direction to the reverse direction. 

 

ቂݕ݌݊݅,ݔ݌,݅݊ ቃ ቂݑ݋,ݔ݌ ݊݅,ݕݍ݊݅,ݔݍቃ ቂݐݑ݋,ݕ݌ݐ ቃ ቂݐݑ݋,ݕݍݐݑ݋,ݔݍቃ 
 

Figure 3-5: Forward and reverse transmission in Jones Formulation 

The direction of propagation and its effect on the transmission matrix has been studied in Jones 

space [23]. In Jones space, the transmission matrix’s effect on an input SOP in the forward 

direction is: 

 ቂ݌௫,௢௨௧݌௬,௢௨௧ቃ = ܷ ⋅ ቂ݌௫,௜௡݌௬,௜௡ቃ  (3.5)
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where ݌௫ and ݌௬ describe the ݔ and ݕ components of the electric field in the forward direction 

and the subscripts ݅݊ and ݐݑ݋ denote that the components are the input and output Jones vectors 

respectively.  ܷ is the Jones transmission matrix.  In the reverse direction, the transmission 

matrix does not have to be changed provided the order of operations follows this [19]: 

௫,௢௨௧ݍ]  [௬,௢௨௧ݍ = ௫,௜௡ݍ] [௬,௜௡ݍ ⋅ ܷ (3.6)

where ݍ௫ and ݍ௬ describe the ݔ and ݕ components of the electric field in the reverse direction. 

The components that describe the field are a row vector instead of a column vector.  To put this 

back in the traditional order of operations, a transpose3 of Equation (3.6)  is applied.   

 ቂݍ௫,௢௨௧ݍ௬,௢௨௧ቃ = ்ܷ ⋅ ቂݍ௫,௜௡ݍ௬,௜௡ቃ (3.7)

Hence, the transmission matrix in the reverse direction is just the transpose of the transmission 

matrix in the forward direction.  

Consider the following forward transmission matrix with the following components: 

 ܴி = ൥ݎଵଵ ଵଶݎ ଶଵݎଵଷݎ ଶଶݎ ଷଵݎଶଷݎ ଷଶݎ ଷଷ൩ (3.8)ݎ

with DES, 

ොிߙ  = ൥ܽ௫ܽ௬ܽ௭ ൩ (3.9)

To obtain the transmission matrix for the reverse direction in Stokes space, we convert (3.8) to 

Jones space through Equation (2.5) and determine the reverse transmission matrix in Jones 

space. After converting back to Stokes space, the transmission matrix for the reverse directions 

is: 

 ܴோ = ൥ ଵଵݎ ଶଵݎ ଶଵݎଷଵݎ− ଶଶݎ ଵଷݎ−ଷଶݎ− ଶଷݎ− ଷଷݎ ൩ (3.10)

                                                 
3 Note: This is not the Hermitian transpose but the normal matrix transpose 
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Without requiring a conversion from Stokes space to Jones space to determine the new reverse 

transmission matrix for an optical component, a transformation in Stokes Space that describes 

the new transmission matrix was determined from inspection as seen: 

 ܴோ = ൥1 0 00 1 00 0 −1൩ ⋅ ܴி் ⋅ ൥1 0 00 1 00 0 −1൩ (3.11)

As a result, the DES of the backward transmission matrix is slightly different.  Analyzing the 

elements of Equation (3.10) and relating it back to the Equation (3.8), it can be shown that the 

DES is:  

 

 

ො஻ߙ = ൥ ܽ௫ܽ௬−ܽ௭൩ (3.12)

With the knowledge of each component in Equation (3.1), it is possible to describe how the 

system will react to any input SOPs.  In addition, this model can be further simplified using the 

techniques discussed in the next section. 

3.4 System Simplification 

Though it is possible to determine the output SOP using the 3×3 Stokes matrices and the 

relationship found in Equation (3.1), it can be difficult to use this approach for polarization 

control, especially when multiple actuators are involved.  A couple of simplifications are made to 

the model in Figure 3-4, from our understanding of the system components and the techniques 

that are described in Appendix B. The overall effect will be that all fixed-rotation components 

will be combined into the variable-rotation components leaving a system block diagram that 

looks like:  
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ො1ߙ =  0ݐ̂′ܨොߙ

ො2ߙ = ܴ′ොߙ 1ݐ̂   ݐ2̂ݐ̂ 

 

Figure 3-6: The simplified system block diagram with the effects of the mirror included into the 
first actuator and the input 

where, 

 ܴ௉஼.ிᇱ = ܴ௉஼,ி ,ߠ) ොிᇱߙ ) (3.13)

ොிᇱߙ  = ܴ௣௢௟ ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ොிߙ  (3.14)

and, 

 ܴ௉஼,ோᇱ = ܴ௉஼,ோ ,ߠ) ොோᇱߙ ) (3.15)

ොோᇱߙ  = ܴ௣௢௟ ොோ (3.16)ߙ

and the new effective input to the system ̂ݐ଴ is:  

଴ݐ̂  = ܴ௣௢௟ ௙ܴ,ோ ௙ܴ,ி ௜௡ (3.17)ݏ̂

which is also the initial output of the system; i.e. when ܴ௉஼,ி and ܴ௉஼,ோ are inactive and 

represented by an orthogonal matrix.  Note, ̂ݐ଴ is an experimentally obtainable parameter.  

The derivation of Equations (3.13) - (3.17) is based on the simplification technique described in 

Appendix B. 

When simplifying the transmission matrix relationships, the effect of fixed-fiber rotations can be 

effective taken account of by rotating the DES vectors of the matrices.  To account for the effects 

of ܴ௠௜௥௥௢௥, ௙ܴ,ி, ௙ܴ,ோ and ܴ௣௢௟ that precede ܴ௉஼,ி, we rotate ොܽி by those rotation matrices to 
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yield ොܽிᇱ  (Equation (3.14)). Similarly, since ܴ௣௢௟ precedes ܴ௉஼,ோ, we account for ܴ௣௢௟ by rotating ߙොோ to yield ߙොோᇱ  (Equation (3.16)).  

With these simplifications, the evolution of the output SOP, ̂ݐ, from a reference SOP ̂ݐ଴, can be 

described by 

ݐ̂  = ܴ௉஼,ோᇱ ,ߠ) ොோᇱߙ ) ܴ௉஼,ிᇱ ,ߠ) ොிᇱߙ ) ଴ (3.18)ݐ̂

The relationship between ߠ and the control variable ݑ is known, and ߙොோᇱ  and ߙොிᇱ  can be found 

using the geometric model described in the next section.  Therefore, ̂ݐ, can be predicted through 

Equation (3.18). 

3.5 Geometric Model for Bidirectional Configuration 
In this section, we develop a geometric model that can describe the SOP evolution in a 

bidirectional configuration. Also, in this section, the DES parameters, ߙොி and ߙොோ and the output ̂ݐ 

have been relabeled as ߙොଵ, ߙොଶ and ̂ݐଶ respectively (see Figure 3-6).  When a sweep of ܴ௉஼,ிᇱ  from ߠ = 0 to ߠ =  ଵ, traces a circle on the Poincaré sphere with aݐ̂ ,is applied, the output SOP ߨ2

rotational axis along the DES ߙොଵ similar to Figure 2-8 and can be described with Equation (2.28).  

The output ̂ݐଵ is then used as the input to the next actuator, ܴ௉஼,ோᇱ .  Therefore, Equation (2.28) is 

used to model ̂ݐଶ but with ̂ݐଵ as the input and ߙොଶ as the new DES of ܴ௉஼,ோᇱ  to get ̂ݐଶ.   

(ߠ)ଶݐ̂  = Ԧଶݎ cos ߠ + ⊥,Ԧଶݎ sin ߠ + ሬܱԦଶ (3.19)

where, 

 ሬܱԦଶ(ߠ) = (ߠ)ଵݐ̂) ⋅ (ොଶߙ  ොଶߙ
(3.20)

(ߠ)Ԧଶݎ  = (ߠ)ଵݐ̂ − ሬܱԦଶ(ߠ) 
(3.21)

(ߠ)⊥,Ԧଶݎ  = ቀ̂ݐଵ(ߠ) − ሬܱԦଶ(ߠ)ቁ × ොଶ (3.22)ߙ

Since, each of the individual parameters of ̂ݐଶ is a function of ̂ݐଵ, a further expansion can take 

place (see Appendix C for the derivation).  The final equation will have the form: 

(ߠ)ଶݐ̂  = Ԧଵܣ  cos ߠ2 + Ԧଶܣ sin ߠ2 + ሬԦଵܤ cos ߠ + ሬԦଶsinܤ ߠ + Ԧ (3.23)ܥ
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where: 

Ԧଵܣ  = 12 ଴ݐ̂) − ଴ݐ̂) ⋅ ොଵߙ (ොଵߙ − ଴ݐ̂) ⋅ (ොଶߙ ොଶߙ + ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ (ොଶߙ ොଶߙ − ଴ݐ̂ × ×ොଵߙ  (ොଶߙ
(3.24)

Ԧଶܣ  = 12 ൫̂ݐ଴ × ොଵߙ) + (ොଶߙ − ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ × (ොଶߙ − ൫(̂ݐ଴ × (ොଵߙ ⋅  ොଶ൯ߙොଶ൯ߙ
(3.25)

ሬԦଵܤ  = ଴ݐ̂) ⋅ (ොଵߙ ොଵߙ − ଴ݐ̂)2 ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ + ଴ݐ̂) ⋅ (ොଶߙ  ොଶߙ
(3.26)

ሬԦଶܤ  = ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ × (ොଶߙ + ൫(̂ݐ଴ × (ොଵߙ ⋅ ොଶ൯ߙ ොଶ (3.27)ߙ

Ԧܥ  = ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ +ොଶߙ(ොଶߙ 12 ଴ݐ̂) − ଴ݐ̂) ⋅ ොଵߙ(ොଵߙ − ଴ݐ̂) ⋅ ොଶߙ(ොଶߙ + ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ + ଴ݐ̂ × ×ොଵߙ  (ොଶߙ

(3.28)

Also, there are three main frequency components associated with Equation (3.23) – one at 2߱, ߱ 

and at DC if we take 

ߠ  = (3.29) ݑ߱

where ݑ relates to the applied step voltage to the PC and ߱ is a constant that converts the applied 

voltage to angle. 
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The general form of Equation (3.23) can be visualized as a lemniscate or a limacon [24] that has 

been projected onto the surface of a sphere as seen in Figure 3-7.  

 

(a) (b) 

Figure 3-7: Sample SOP traces from the bidirectional system configuration that resemble a (a) 
lemniscate-type shape and a (b) limacon-type shape. 

Thus, Equation (3.23) is a geometrical method that allows us to explain the behavior of the SOP 

under a bidirectional configuration.  This model also allows us to experimentally extract the DES 

and determine if a point is on the SOP trace, which will be explained in the next section. 

3.6 Geometric Model Properties and System Parameters 
Each of the individual frequency components of Equation (3.23) can be plotted in Stokes space 

as seen in Figure 3-8. 



44 CHAPTER 3 BIDIRECTIONAL MODEL WITH ONE CONTROL ELEMENT 

 

 

 Ԧܥ

ሬԦ1ܤ cos ߠ + ሬԦ2sinܤ Ԧ1ܣߠ cos ߠ2 + Ԧ2ܣ sin (ߠ)2ݐ̂ߠ2 = Ԧ1ܣ  cos ߠ2 + Ԧ2ܣ sin ߠ2 + ሬԦ1ܤ cos ߠ + ሬԦ2sinܤ ߠ +  Ԧܥ

 

Figure 3-8: The individual frequency components of Equation (3.23) being plotted onto the 
Poincaré sphere.  The fundamental harmonic forms an ellipse (blue), while the second harmonic 
forms a circle (red) and the DC component is a vector (green).  The curve, ො࢚૛, (black) can be 
constructed from the sum each of the individual components. 

From inspection, the component at the second harmonic, 2߱, forms a circle; the component at 

the fundamental harmonic, ߱, forms an ellipse; and the DC component is a vector.  All three 

components are in Stokes space, but they do not lie on the Poincaré sphere.  Instead, the sum of 

all three components will generate the polarization curve that will lie on the Poincaré sphere.  

The ellipse at the fundamental can be thought of as the envelope of the curve upon which the 

circular component of the 2nd harmonic rotates around to form the general shape.  The DC 

component can be considered the “center of mass” of the entire shape and is what puts the entire 

shape onto the surface of the Poincaré sphere.   
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Ԧ1ܣ  cos ߠ2 + Ԧ2ܣ sin ߠ2
Ԧ2ܣ Ԧ1ܣ

ො2ߙ

 

Figure 3-9: The second harmonic component of Equation (3.23) plotted in Stokes Space.  ࡭ሬሬԦ૚and ࡭ሬሬԦ૛ are equal in magnitude and are orthogonal, and thus form a circle.  The rotational axis to the 
circle is ࢻෝ૛.   

One of the interesting aspects of the second harmonic component is the cross product of  ܣԦଵ and ܣԦଶ of Equation (3.23) gives the direction of the DES,ߙොଶ: 

ොଶߙ  = Ԧଵܣ × ԦଵܣԦଶฮܣ × Ԧଶฮ (3.30)ܣ

To get ߙොଵ, we make use of the model in Figure 3-6 and Equation (3.18).  Rearranging Equation 

(3.18): 

 ܴ௉஼,ோᇱ ,ߠ) (ොଶߙ ⋅ ଶݐ̂ = ܴ௉஼,ிᇱ ,ߠ) (ොଵߙ ଴ݐ̂ = ଵ (3.31)ݐ̂

which is really the output of the first system block, ̂ݐଵ. The resultant curve from applying this 

operation is seen in Figure 3-10. 
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1ݐො1̂ߙ

 
Figure 3-10:  When multiplying the output curve with the rotation matrix with a DES of ࢻෝ૛, and 
the resultant curve is the output of the first system block diagram. 

By determining the central axis of the circle by taking the cross product of two vectors in the 

plane formed from the circle will yield ߙොଵ. 
If we need to determine if an SOP, ̂ݐ௧௔௥௚௘௧ is on the SOP trace ̂ݐଶ, then we will need to 

investigate some properties of ̂ݐଶ.  We first look at the dot product of Equations (3.24) to (3.28) 

with ߙොଶ.  Applying these operations would result in some of the terms to cancel out.  First, we 

will examine the output projected onto ߙොଶ: 

ଶݐ̂  ⋅ ොଶߙ = ൫ܣԦଵ cos ߠ2 + Ԧଶܣ sin ߠ2 + ሬԦଵܤ cos ߠ + ሬԦଶܤ sin ߠ + ⋅ Ԧ൯ܥ ොଶ (3.32)ߙ

Simplifying the results: 

ଶݐ̂  ⋅ ොଶߙ = ൫ܤሬԦଵ cos ߠ + ሬԦଶܤ sin ߠ + Ԧ൯ܥ ⋅ ොଶ (3.33)ߙ

Rearranging Equation (3.33): 
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ߠ  = cosିଵ ൫̂ݐଶ − Ԧ൯ܥ ⋅ ሬԦଵܤොଶට൫ߙ ⋅ ොଶ൯ଶߙ + ൫ܤሬԦଶ ⋅ ොଶ൯ଶߙ − tanିଵ ሬԦଶܤ ⋅ ሬԦଵܤොଶߙ ⋅ ොଶ (3.34)ߙ

To test if ̂ݐ௧௔௥௚௘௧ is on ̂ݐଶ, we substitute ̂ݐ௧௔௥௚௘௧ into ̂ݐଶ in Equation (3.34). However, from the 

math, Equation (3.34) will yield two possible solutions for ߠ on the interval [0,2ߨ].  In order to 

check whether ̂ݐ௧௔௥௚௘௧ is on the SOP trace, ̂ݐଶ, we substitute both solutions of ߠ into Equation 

(3.23).  If both ߠ yields SOPs that are different from the SOP, ̂ݐ௧௔௥௚௘௧, then ̂ݐ௧௔௥௚௘௧ does not lie 

on the SOP trace, ̂ݐଶ.  If one of the ߠ solutions yields the target SOP, then ̂ݐ௧௔௥௚௘௧ lies on the SOP 

trace ̂ݐଶ. 

3.7 From Experimental Data to Theoretical Model 
To arrive at Equation (3.23) requires knowledge of the initial output SOP and the DES.  

Therefore, starting in reverse from the experimental data to obtain the initial output SOP and the 

DES is necessary; i.e. it is necessary to characterize the system.  The experimental data consists 

of a set of SOPs, where each SOP is characterized by the three Stokes parameters.  Each SOP is 

measured when the control parameter to a PC is varied.  The initial output SOP is available from 

the dataset when the PC is in its initial state, but the DES vectors are not available which are 

essential in describing the SOP evolution, especially when multiple actuators are used.  To obtain 

the DES vectors, Equation (3.23) is written in its equivalent form first: 

(ߠ)ଶ,௜ݐ̂  = ௜ܣ cos(2ߠ + ߶஺,௜) + ௜ܤ cos൫ߠ + ߶஻,௜൯ + ௜ܥ  (3.35)

where ݅ is the ݔ, ,ݕ ,components of the vectors that correspond to the ଵܵݖ ܵଶ, ܵଷ Stokes parameters 

and, 

 

Ԧܣ = ቎ܣ௫ܣ௬ܣ௭ ቏ =
ێێۏ
ێێێ
ଵ,௫ଶܣටۍ + ଶ,௫ଶܣ
ටܣଵ,௬ଶ + ଶ,௬ଶܣ
ටܣଵ,௭ଶ + ଶ,௭ଶܣ ۑۑے

ۑۑۑ
ې
 (3.36)
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ሬԦܤ = ቎ܤ௫ܤ௬ܤ௭ ቏ =
ێێۏ
ێێێ
ଵ,௫ଶܤටۍ + ଶ,௫ଶܤ
ටܤଵ,௬ଶ + ଶ,௬ଶܤ
ටܤଵ,௭ଶ + ଶ,௭ଶܤ ۑۑے

ۑۑۑ
ې
 (3.37)

 

߶ሬԦ஺ = ቎߶஺,௫߶஺,௬߶஺,௭ ቏ =
ێێۏ
ێێێ
tanିଵۍ ଵ,௫tanିଵܣଶ,௫ܣ ଵ,௬tanିଵܣଶ,௬ܣ ଵ,௭ܣଶ,௭ܣ ۑۑے

ۑۑۑ
ې
 (3.38)

 

߶ሬԦ஻ = ቎߶஻,௫߶஻,௬߶஻,௭ ቏ =
ێێۏ
ێێێ
tanିଵۍ ଵ,௫tanିଵܤଶ,௫ܤ ଵ,௬tanିଵܤଶ,௬ܤ ଵ,௭ܤଶ,௭ܤ ۑۑے

ۑۑۑ
ې
 (3.39)

and ܥԦ remains the same as Equation (3.23).  Equation (3.23) and Equation (3.35) are equivalent.  

Equation (3.35) is used instead since it is obtainable from the experimental data.  The data can be 

split into three separate datasets based off the three Stokes components.  Then, an FFT is applied 

to each individual dataset.  This will reveal three frequency components – one at DC, one at the 

fundamental frequency component ߱, and another at the second harmonic, 2߱ as seen in Figure 

3-11.   
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(b) 

Figure 3-11: A 4016 point FFT of the first Stokes Component of the curve shown in Figure 3-8 

resulting in (a) the amplitude, |࢞ࢀ| and (b) the phase ∠࢞ࢀ. 

To obtain each component, ܣԦ, ܤሬԦ and ܥԦ, the amplitude information of the FFT is used in the 

following way: 

௫ܣ  = 2| ௫ܶ(2߱)|, ௬ܣ = 2ห ௬ܶ(2߱)ห, ௭ܣ = 2| ௭ܶ(2߱)| (3.40)

௫ܤ  = 2| ௫ܶ(߱)|, ௫ܤ = 2ห ௬ܶ(߱)ห, ௫ܤ = 2| ௭ܶ(߱)| (3.41)

௫ܥ  = | ௫ܶ(0)|, ௬ܥ = ห ௬ܶ(0)ห, ௭ܥ = | ௭ܶ(0)| (3.42)
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where ௫ܶ, ௬ܶ, ௭ܶ are the FFT of the individual Stokes component.   

߶ሬԦ஺ and ߶ሬԦ஻ are obtained directly from the phase data of the FFT plots. 

 ߶஺,௫ = ∠ ௫ܶ(2߱), ߶஺,௬ = ∠ ௬ܶ(2߱), ߶஺,௭ = ∠ ௭ܶ(2߱) (3.43)

 ߶஻,௫ = ∠ ௫ܶ(߱), ߶஻,௬ = ∠ ௬ܶ(߱), ߶஻,௭ = ∠ ௭ܶ(߱) (3.44)

With each of the parameters in Equation (3.35) determined, the output SOP ̂ݐଶ can be described.  

To obtain DES ߙොଶ, ܣԦ and ߶ሬԦ஺ are used to get ܣԦଵ and ܣԦଶ: 

௜ܣ  cos൫2ߠ + ߶஺,௜൯ = ௜ܣ cos൫߶஺,௜൯ cos(2ߠ) − ௜ܣ sin൫߶஺,௜൯ sin(2ߠ) (3.45)

Where ݅ = ,ݔ ,ݕ  ݖ

ଵ,௜ܣ  = ௜ܣ cos൫߶஺,௜൯ (3.46)

ଶ,௜ܣ  = ௜ܣ− sin൫߶஺,௜൯ (3.47)

And by applying Equation (3.30), ߙොଶ can be obtained. Equation (3.31) can be used to obtain ߙොଵ 

and since we already have the initial output SOP from the experimental data, the system can thus 

be modeled by applying the transmission matrix model and with the necessary parameters 

extracted from experimental data using the geometric model.  
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Chapter 4  

 

Bidirectional Model with Multiple Control Elements 

4  
The basic bidirectional system with one polarization control element was completely modeled 

with the DES transmission and geometric model in Chapter 3.  However, typically a PC has 

more than one polarization control element.  In this section, we will be considering a PC with 

multiple actuators and how multiple actuators will affect the SOP evolution. 

4.1 Two Actuator Model 
To understand the effect of how multiple actuators affect the output SOP curves, we only need to 

consider two actuators at a time like we did in Section 2.5.  One actuator will be applied with a 

fixed voltage (i.e. ߠிூ௑ ≠ 0) and will be referred to as the fixed-voltage actuator.  The other 

actuator will be swept through its controllable range ߠ௏஺ோ =  which will generate all [ߨ0,2]

available output SOPs that can result from that actuator; i.e. this actuator creates a bidirectional 

output SOP trace as was seen in Figure 3-7.  This actuator will be referred to as the variable-

voltage actuator.  Operating two actuators at a time has two effects: 1) it affects the effective 

input SOP and 2) it affects one or both of the effective DES vectors of the variable-voltage 

actuator depending on the physical order of the actuators.  The goal will be to simplify the 

system by integrating the fixed-voltage actuator’s effect into the rest of the system. 

4.1.1 Cascaded System Effect on the Effective Input SOP 

The fixed-voltage actuator will affect the effective input, ̂ݐ଴ when the rotations caused by the 

fixed-voltage actuator are being integrated with the rest of the system.  Consider the case where 

the variable-voltage actuator is initially set with ߠ = 0; i.e.  the variable-voltage actuator’s 

forward and reverse transmission matrices will be the identity matrix.  As a result, the order of 
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the fixed-voltage actuator and the variable-voltage actuator does not matter.  In addition, the 

effective system will only have one active actuator as seen below: 

′0ݐ̂ 0ݐ̂ ′ܨܴ  ൫ܺܫܨߠ, መ1൯ߜ ܴ′ܴ ൫ܺܫܨߠ, መ2൯ߜ
 

Figure 4-1: The effect of the fixed-voltage actuator on the effective input, ො࢚૙.  ࢄࡵࡲࣂ represents 
the fixed angular setting on the actuator. ࢾ෡૚ and ࢾ෡૛ are the DES vectors of the fixed-voltage 
actuator.  All other actuators are inactive; i.e. the other actuators’ rotation matrices are the 
identity matrix. ො࢚૙ᇱ  is the new effective input after passing through the fixed-voltage actuators. 

Thus, the new effective input, ̂ݐ଴ᇱ  to the system is: 

଴ᇱݐ̂  = ܴோᇱ ܴிᇱ ଴ (4.1)ݐ̂

Furthermore, ̂ݐ଴ᇱ  will be observed at the polarimeter as the initial output when the variable-

voltage actuator is inactive.  In fact, if we examine the SOP trace that ̂ݐ଴ᇱ  would form if we 

performed a sweep of ߠிூ௑ over the range of [0,2ߨ], then we will observe that this is just the 

SOP trace that would be formed by the fixed voltage actuator. 

4.1.2 Cascaded System Effect on DES Vectors 

As in the unidirectional model, the order of the actuators matter when we consider how the 

rotations of the fixed-voltage actuator affect the DES vectors. Therefore, the second effect of 

multiple actuators in rotating the effective DES has to be analyzed with two cases: 1) when the 

fixed-voltage actuator precedes the variable actuator (Figure 4-2) or 2) the fixed-voltage actuator 

follows the variable-voltage actuator (Figure 4-5).  
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4.1.2.1 Fixed-voltage actuator precedes the variable-voltage actuator 

Actuator A
(Forward)

Actuator B
(Forward)

Actuator B
(Reverse)

Actuator A
(Reverse)

Input SOP Output SOP

Fixed Voltage 

Variable Voltage 

′0ݐ̂ ݐ̂  

ܺܫܨߠ)ܨ,ܣܴ , ܺܫܨߠ)ܴ,ܣܴ (ො1ߙ , ܴܣܸߠ൫ܨ,ܤܴ(ො2ߙ , መ1൯ߚ ܴܣܸߠ൫ܴ,ܤܴ , መ2൯ߚ

 

Figure 4-2: The system block diagram for a fixed-voltage actuator, A, preceding a variable-
voltage actuator, B.  This system has already accounted for the effects caused by the FBG. 

In this scenario, the fixed-voltage actuator, actuator A, is what the signal encounters first as seen 

in Figure 4-2. This is followed by the next actuator, actuator B, which is the variable-voltage 

actuator; i.e. Actuator B is being swept through its controllable range ߠ =  This model  .[ߨ0,2]

can be simplified, as was done in the one actuator scenario, by considering the effects of the 

fixed-voltage actuator.   

With the simplification techniques, we can create an equivalent system that integrates the 

rotation effects of the fixed-voltage actuator into the parameters of the variable-voltage actuator.  

The resultant system will only have two effective blocks (see Figure 4-3) instead of four as in 

Figure 4-2. With the configuration shown in Figure 4-2, the effects of the reverse transmission 

matrix of actuator A, ܴ஺,ோ, can be accounted for by rotating the effective DES, ߚመଵ and ߚመଶ.   

መଵᇱߚ  = ܴ஺,ோ(ߠிூ௑, (ොଶߙ መଵ (4.1)ߚ

መଶᇱߚ  = ܴ஺,ோ(ߠிூ௑, (ොଶߙ መଶ (4.2)ߚ

Thus, the new forward and reverse transmission matrices of the variable-voltage actuator will 

have the above DES.  The effects of the forward transmission matrix of actuator A, ܴ஺,ி has 

already been accounted for in the effective input ̂ݐ଴ᇱ  as was explained in the previous section. ܴ஺,ி 

does not affect the DES vectors of actuator B, because the forward transmission matrix of 

actuator A, precedes actuator B’s transmission matrices.   The resultant simplified system looks 

like below with the new effective DES, ߚመଵᇱ መଶᇱߚ ,  and the new input SOP ̂ݐ଴ᇱ .   
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′0ݐ̂ ݐ̂ ′ܴ,ܤܴ  ൫ܴܣܸߠ , መ2′ߚ ൯ܴܨ,ܤ′ ൫ܴܣܸߠ , መ1′ߚ ൯
 

Figure 4-3: The simplified system with the combined effects of the fixed-voltage actuator 
incorporated into the variable-voltage actuator’s rotation matrices. 

As mentioned in the previous section, the initial output becomes the effective input to the 

system.  The fixed-voltage actuator’s effect on the existing DES and the resultant output SOP 

traces for different fixed voltage settings were simulated and mapped onto the Poincaré sphere: 
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Figure 4-4: The output SOP traces as simulated for different fixed-voltage settings when the 
input signal enters the fixed-voltage actuator before the variable-voltage actuator.  The black 
circle represents a fixed nodal point that is common for all curves. 

The resultant curves appear to rotate around a point on the Poincaré sphere.  This is analogous to 

how the system operates in the unidirectional model when a fixed-voltage actuator follows the 

variable-voltage actuator resulting in circles that rotated around the Poincaré sphere, which was 

seen in Figure 2-11b).  One of the observations made with the simulation is that there is a nodal 

SOP that is common to all curves in Figure 4-4.  The SOP trace goes through this nodal SOP 

twice from the [0,2ߨ] range.   

4.1.2.2 Fixed voltage actuator follows the variable-voltage actuator 
 

′0ݐ̂ ݐ̂ ܺܫܨߠ൫ܴ,ܥܴ  , ܺܫܨߠ൫ܨ,ܥ2൯ܴߛ̂ , ܴܣܸߠ൫ܨ,ܤܴ 1൯ߛ̂ , ܴܣܸߠ൫ܴ,ܤܴ መ1൯ߚ , መ2൯ߚ

 

Figure 4-5: The system block diagram for when the variable-voltage actuator, B, precedes the 
fixed-voltage actuator C. 

In this case, the input signal will enter actuator B first, which is the variable-voltage actuator as 

seen in Figure 4-5.  Actuator C, the fixed-voltage actuator, can have its transmission matrix 

integrated into the preceding system components.  Like in the preceding case, the fixed-voltage 

transmission matrix affects the DES by: 

መଵᇱߚ  = ܴ஼,ோ൫ߠிூ௑, ଶ൯ߛ̂ ܴ஼,ிᇱ ,ிூ௑ߠ) (ොଵߛ ⋅ መଵ (4.2)ߚ

መଶᇱߚ  = መଶ (4.3)ߚ

The first effective DES is rotated twice by the two effective DES of the fixed-voltage actuator. 

The second effective DES of the variable-voltage actuator is not affected since all the fixed 

transmission matrix components of Actuator C precede the reverse component of the variable-
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voltage actuator. With the simplifications, the new system is just like Figure 4-3, except the DES 

components are modeled by Equation (4.2) and Equation (4.3).   Simulations were done for 

different operation voltages of the fixed-voltage actuator followed by a sweep of the variable-

voltage actuator. A set of curves are formed as seen in Figure 4-6. 

 

 

Figure 4-6: The output SOP traces as predicted by simulation for different fixed-voltage settings 
when the input signal enters the variable-voltage actuator before the fixed-voltage actuator. The 
black circle represents a fixed nodal point that is common for all curves. 

The resultant curves all appear to stem from a central point and expand outwards.  This is 

analogous to the unidirectional model where circles are concentric about a central DES, when a 

fixed voltage actuator followed the variable-voltage actuator which was seen in Figure 2-11a).  

Similar to Figure 4-4, a nodal SOP is also apparent in Figure 4-6 that is common to SOP traces.  

We will describe a method of using the node for modeling the DES of multiple actuators in the 

following section. 
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4.2 Multiple Actuator Analysis 

ݐ̂

,1߶)ܨ,1ܴ 0ݐ̂ ,2߶)ܨ,ො1,1) ܴ2ߙ ݔ߶)ܨ,ݔܴ (ො1,2ߙ , ݔ,ො1ߙ )

ܴ1,ܴ(߶1, (ො2,1ߙ ܴ2,ܴ(߶2, ݔ߶)ܴ,ݔܴ (ො2,2ߙ , ݔ,ො2ߙ )ܴ2,ܴ(߶2, ,ො2,2) ܴ1,ܴ(߶1ߛ  (ො2,1ߛ

,2߶)ܨ,2ܴ ,1߶)ܨ,ො1,2) ܴ1ߛ  (ො1,1ߛ

ݕ߶)ܴ,ݕܴ , ݕ,ො2ߛ ) 

ݕ߶)ܨ,ݕܴ , ݕ,ො1ߛ ܴܣܸߠ൫ܨܴ( ,  መ1൯ߚ

ܴܴ൫ܴܣܸߠ ,  መ2൯ߚ

 

Figure 4-7: A system with multiple actuators.  The variable-voltage actuator (yellow-box) has a 
forward-transmission DES vector, ࢼ෡૚, and reverse-transmission DES vector, ࢼ෡૛.  There are ࢞-
actuators (red boxes) that precede the variable-voltage actuator with forward transmission DES 
vector ࢻෝ૚,࢏  and reverse transmission DES vector, ࢻෝ૛,࢏, where ࢏ ࣕ [૚, ࢞]. There are ࢟-actuators 
(green) that follow the variable-voltage actuator with forward transmission DES vector ࢽෝ૚,࢐  and 
reverse transmission DES vector ࢽෝ૛,࢐, where ࢐ ࣕ [૚, ࢟].  The various ࣘ refer to the fixed-rotation 
angle as a result of the different applied voltages applied to the fixed-voltage actuators. 

We can extend the simplification techniques that were described in the previous section to more 

than two actuators.  Consider the system in Figure 4-7, where we have multiple actuators.  Note 

that there is only one variable-voltage actuator distinguished by its variable rotation angle, ߠ௏஺ோ, 
and DES vectors ߚመଵ and ߚመଶ which are the forward and reverse DES vectors of the variable-

voltage actuator (see yellow boxes in Figure 4-7).   Even if there are multiple variable-voltage 

actuators, we can create an equivalent system where there is only one variable-voltage actuator 

being considered at a time.   

The variable-voltage actuator in Figure 4-7 follows ݔ number of fixed-voltage actuators with 

forward transmission DES vector, ߙොଵ,௜ and reverse transmission DES vector, ߙොଶ,௜ where ݅ ߳ [1,   .[ݔ
Following the variable-voltage actuator are ݕ number of fixed-voltage actuators with forward 

transmission DES vector, ߛොଵ,௝ and reverse transmission DES vector, ߛොଶ,௝ where ݆ ߳ [1,  will ߶  .[ݕ

refer to the fixed-angles as caused by an applied voltage to a fixed-voltage actuator.  

It is especially important to note that the actuators being considered have been activated with an 

applied voltage.  If the applied voltage to an actuator is 0, then the actuator’s transmission 

matrices are identity. Consequently, inactive actuators are not considered in Figure 4-7. 
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The goal will be to integrate all fixed-voltage actuator rotations into the variable-voltage 

actuator’s rotation matrices.  Thus, we would like apply the simplification techniques on Figure 

4-7 to create a system that looks like Figure 4-8. 

′0ݐ̂ ݐ̂ ′ܨܴ  ൫ܴܣܸߠ , መ1′ߚ ൯ ܴ′ܴ ൫ܴܣܸߠ , መ2′ߚ ൯ 

 

Figure 4-8: The equivalent system when we applied the simplification techniques on Figure 4-5; 
i.e. all fixed-voltage rotations have been integrated into ࢼ෡૚ᇱ ෡૛ᇱࢼ ,  and ො࢚૙ᇱ . 

Similar to the two-actuator model, the steps to creating this simplified system are 1) to determine 

the new effective input SOP, ̂ݐ଴ᇱ  and 2) to determine the new DES vectors of the variable-voltage 

actuator.   

4.2.1 New Effective Input 

For the new initial effective SOP, ̂ݐ଴ᇱ , we consider the effects of all the fixed-voltage actuators 

like we discussed in Section 4.1.1.  The new effective input, ̂ݐ଴ᇱ  is a product of all the fixed-

voltage transmission matrices: 

଴ᇱݐ̂  = ෑ ܴ(௫ି௟ାଵ),ோ൫߶(௫ି௟ାଵ), ොଶ,(௫ି௟ାଵ)൯௡ୀ௫ߙ
௟ୀଵ ⋅  

ۈۉ
ෑۇ ܴ(௬ି௞ାଵ),ோ൫߶(௬ି௞ାଵ), ොଶ,(௬ି௞ାଵ)൯௡ୀ௬ߛ

௞ୀଵ ൮ෑ ௝ܴ,ி൫߶௝, ොଵ,௝൯௡ୀ௬ߛ
௝ୀଵ  ൭ෑ ܴ௜,ி൫߶௜, ොଵ,௜൯௡ୀ௫ߙ

௜ୀଵ ۋی଴ ൱൲ݐ̂
ۊ

 

(4.4)

଴ᇱݐ̂  will also be the new initial output that will be observed at the output. 

4.2.2 Equivalent DES Vectors 

The next step is to determine the new DES vectors.  As already mentioned, the DES vectors of 

the variable-voltage actuator depend on those actuators that precede and follow them.  We can 

apply the steps shown in Section 4.1.2 for the configuration in which the variable-voltage 

actuator follows the fixed-variable actuators and for the configuration in which the variable-
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voltage actuator precedes the fixed-variable actuators.  The results of following those steps, 

yields DES vectors that look like: 

 

 

 

 

መଵᇱߚ = ෑ ܴ(௞ି௜ାଵ),ோ௡ୀ௫
௞ୀଵ ൫߶(௞ି௜ାଵ), ොଶ,(௞ି௜ାଵ)൯ߙ ⋅  

൮ෑ ܴ(௬ି௝ାଵ),ோ௡ୀ௬
௝ୀଵ ൫߶(௬ି௝ାଵ), ොଶ,(௬ି௝ାଵ)൯ߛ ቌෑ ܴ௜,ி ௡ୀ௬

௜ୀଵ ൫߶௜,  መଵ ቍ൲ߚොଵ,௜൯ߛ

(4.5)  

መଶᇱߚ  =  ෑ ܴ(௫ି௜ାଵ),ோᇱ௡ୀ௫
௜ୀଵ ,ோ,(௫ି௜ାଵ)ߠ)   መଶ (4.6)ߚ(ොଶ,(௫ି௜ାଵ)ߙ

where we have accounted for the effects of the fixed-voltage actuator rotations. Again, the 

reverse transmission matrix DES vector, ߚመଶ of the variable-voltage actuator is only affected by 

the reverse transmission rotations caused by the fixed-voltage actuators that precede the variable-

voltage actuator.  Conversely, the forward transmission matrix DES vector, ߚመଵ of the variable-

voltage actuator is not affected by the forward transmission rotations of the fixed-voltage 

actuators that precede the variable-voltage actuator.  However, the variable-voltage actuator’s 

forward transmission matrix DES vector, ߚመଵ,  is affected by all other rotations of the fixed-

voltage actuators. 

4.3 A Nodal Approach to Modeling Multiple Actuators 
In Section 4.1.2, we provided the model that explains how the SOP traces will evolve with 

multiple actuators.  In this section, an alternative method for modeling multiple actuators is 

provided in order to reduce some of the experimental limitations that will be discussed in 

Chapter 5 and Chapter 6. We will observe that the extracted experimental DES vectors using the 

method described in Section 4.2 will predict SOP traces for the multiple actuators scenario that 

do not have fixed nodal SOP.  This is contrary to what was observed in our simulations and what 

we will observe from experimental data. This nodal SOP modeling approach will try to resolve 

this limitation.   

We observe that the nodal SOP remains stationary regardless of which actuator is the fixed-

voltage actuator or the variable-voltage actuator (see Figure 4-4 and Figure 4-6). This 
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observation leads us to use the nodal SOP as an additional parameter when predicting any SOP 

traces formed by operating both actuators.  In a system with multiple actuators, we determine the 

DES vectors associated with each actuator independently using the procedure discussed in 

Section 3.7.  In addition to determining the DES vectors associated with each actuator, we can 

determine the nodal SOP. The nodal SOP will serve as a reference SOP that we will use to 

determine the forward transmission matrix DES vector which we will discuss in this section. 

Another observation that was made from simulations is that the nodal SOP appears to be 

dependent on the input SOP, ̂ݏ௜௡; the nodal SOP changed its position when we vary ̂ݏ௜௡. This 

effect will be verified experimentally in Chapter 5 (Figure 5-11).  

መ݅݊ݏ̃  ෨ܴܲܨ,ܥ൫ߠ, ,ߠ൫ܴ,ܥ൯ ෨ܴܲܨ෤෠ߙ  ෤෠ܴ൯ߙ
መݐ̃

 

Figure 4-9: The system when we ignore the fiber rotation effects between the actuator and the 
FBG. 

In Figure 3-3, we had to include the effects of the fiber between the PC and the FBG. When we 

ignored all the fiber rotation effects between the FBG and the PC (Figure 4-9), and repeat the 

simulations, we observed a relationship between the input SOP and the nodal SOP.  For example, 

if the input to the system is given by: 

መ݅݊ݏ̃  = ൥3ݏ2ݏ1ݏ൩  (4.7)

Then from simulations, the nodal SOP is related to the ̃ݏመ௜௡ parameters by: 

݁݀݋መ݊ݐ̃  = ൥  3൩ݏ−2ݏ1ݏ

(4.8)

and when the actuators are inactive, the initial output, ̃ݐመ଴, would be:  
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መ0ݐ̃  = ൥ 3൩ (4.9)ݏ−2ݏ−1ݏ

In this section, the tilde is used to denote SOP parameters and rotation matrices that describe a 

system where the effects of the fiber rotations between the PC and the FBG have been integrated 

with the rest of the system such that the system has an output SOP curve that is equivalent to the 

experimental SOP curve (see Appendix D).  Equation (4.7)-(4.9) are similar and only differ by 

their signs. Furthermore, the equations that related ොܽி to ߙොோ were shown in Equation (3.9) and 

Equation (3.12).  If we combined the mirror’s effect onto ߙොி 

ොிᇱߙ  = ൥ ܽଵ−ܽଶ−ܽଷ൩ (4.10)

Comparing Equation (4.10) and (3.12), we notice this relationship describing the DES vectors is 

similar to the relationship between ̃ݐመ௡௢ௗ௘ and ̃ݐመ଴.  However in a real system, the relationship 

between the DES vectors does not hold due to the fiber between the FBG and the actuator.  If we 

use the techniques in Appendix D, then the DES vectors, ߙ෤෠ଵ and ߙ෤෠ଶ, would have the direct 

relationship found in Equation (4.10) and Equation (3.12).  The goal to derive an equivalent 

system in which the relationships between the DES vectors, and the input and nodal SOP would 

hold.  In this manner, we can then generate SOP curves with a specific nodal SOP. 

However, we need to somehow relate these observations back to the experimental data.  Through 

the derivation in Appendix D, we can integrate the fiber rotation between the PC and the FBG 

and only consider the rotation caused by the fiber section from the output of the PC to the 

polarimeter via the circulator.  The effect of this fiber rotation from the output of the PC to the 

polarimeter can be estimated. 

መ݅݊ݏ̃ݐ̂  ෨ܴܲܨ,ܥ൫ߠ, ,ߠ൫ܴ,ܥ൯ ෨ܴܲܨ෤෠ߙ ෤෠ܴ൯ߙ ෨ܴ݈݋݌ ቀ߶, ሚመቁߜ
 

Figure 4-10: The equivalent system with an equivalent fiber rotation, ࡾ෩࢒࢕࢖, from the output of 
the PC to the polarimeter to ensure that this system is equivalent to Figure 3-4. 
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ݐ̂  = ෨ܴ௣௢௟ ෨ܴ௉஼,ோ ܴ௠௜௥௥௢௥ ෨ܴ௉஼,ி መ௜௡ (4.11)ݏ̃

where the tilde represents an equivalent system parameter.  ̂ݐ is still the actual experimental 

output SOP as obtained through Equation (4.11). As mentioned, the fiber rotation, ෨ܴ௣௢௟ will 

conceal the direct relationship between the effective input, ̃ݐመ଴ and the nodal SOP, ̃ݐመ௡௢ௗ௘, and the 

DES vectors ߙ෤෠ଵ and ߙ෤෠ଶ.  In order to make use of these relations, we use the experimental 

parameters ̂ݐ଴ and ̂ݐ௡௢ௗ௘ and relate it back to ̃ݐመ଴ and ̃ݐመ௡௢ௗ௘. The relationship between ̂ݐ଴ and ̃ݐመ଴ is 

related to the equivalent fiber rotation ෨ܴ௣௢௟: 
଴ݐ̂  = ෨ܴ௣௢௟ መ଴ (4.12)ݐ̃

௡௢ௗ௘ݐ̂  = ෨ܴ௣௢௟ መ௡௢ௗ௘ (4.13)ݐ̃

By superposition, we can subtract Equation (4.13) from (4.12)   

௡௢ௗ௘ݐ̂  − ଴ݐ̂ = ෨ܴ௣௢௟ ൫̃ݐመ଴ − መ௡௢ௗ௘൯ (4.14)ݐ̃

and with Equation (4.8) and Equation (4.9), we get: 

௡௢ௗ௘ݐ̂  − ଴ݐ̂ = ෨ܴ௣௢௟ ൥ ଶ0ݏ02 ൩ 
(4.15)

If ෨ܴ௣௢௟ has the form of Equation (2.22), with DES vector ߜሚመ = [݀௫ ݀௬ ݀௭]் and arbitrary 

angular parameter, ߶, then we can simplify Equation (4.15) to: 

௡௢ௗ௘ݐ̂  − ଴ݐ̂ = ଶݏ2 ቎݀௫݀௬(1 − cos ߶) + ݀௭ sin ߶cos ߶ + ݀௬ଶ(1 − cos ߶)݀௬݀௭(1 − cos ߶) − ݀௫ sin ߶቏ 
(4.16)

As mentioned, ݐ෠݊݁݀݋,   .෠0 are obtained experimentally.  In Equation (4.16), there are 5 unknownsݐ

We can determine the value of ݏଶ by applying the fact that the fiber rotation matrix is orthogonal: 

௡௢ௗ௘ݐ̂‖  − ‖଴ݐ̂ = ฮ̃ݐመ௡௢ௗ௘ − መ଴ฮݐ̃ = ଶ| (4.17)ݏ2|

Since we are uncertain if ݏଶ is negative or positive, both cases will have to be considered when 

we try to solve for the parameters for the fiber rotation matrix. After applying Equation (4.17), 

there are still 4 unknown parameters and 3 equations.  We also know the DES vector, ߜመ, has a 

norm of unity:  
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 ݀௫ଶ + ݀௬ଶ + ݀௭ଶ = 1 (4.18)

Using a least-square fit, an estimate of the parameters for the rotation matrix can then be 

determined.  With ෨ܴ௣௢௟, we can determine the DES vector of the equivalent forward transmission 

matrix ߙ෥෡1 by finding ߙ෥෡2 through Equation (3.12) and Equation (4.10).  We first use the estimated 

rotation matrix, ෨ܴ௣௢௟, on the experimentally determined ߙොଶ to obtain the equivalent system 

parameter ߙ෤෠ଶ.  

ොଶߙ  = ෨ܴ௣௢௟ ෤෠ଶ (4.19)ߙ

෤෠ଶߙ  = ෨ܴ௣௢௟ିଵ ොଶ (4.20)ߙ

From Equation (3.12) and Equation (4.10), we then relate ߙ෥෡2 back to ߙ෥෡1. We can then estimate ߙොଵ with the rotation matrix ෨ܴ௣௢௟.   
ොଵߙ  = ෨ܴ௣௢௟ ෤෠ଵ (4.21)ߙ

Since we use the nodal SOP to determine the rotation matrix, and the relationship between the 

nodal SOP and initial output is similar to the relationship between two DES vectors, we can 

obtain system parameters that will yield SOP traces with the experimental nodal SOP. 

The system in Figure 4-10 represents a one actuator system.  However, this alternative method 

with the nodal SOP can be extended to the multiple-actuator configuration. In order to extend to 

the multiple-actuator configuration, we would create an equivalent system from the multiple-

actuator configuration that integrated all the fixed-voltage rotations first into a system that 

resembled Figure 4-3.  Since the system in Figure 4-3 is similar to a one-actuator system, we can 

transform the one-actuator system to the system shown in Figure 4-10. Then, we can apply the 

steps used to determine the forward transmission matrix DES, ߙොଵ. 
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Chapter 5  

 

Single Polarization Control Element Model 

Validation 

5  
In Chapter 3, a theoretical model was developed for the polarization control system in the 

bidirectional configuration for a single polarization control element.  In this Chapter, the 

theoretical model for one actuator in a PC will be verified experimentally through a two-step 

process: 1) extracting system parameters that characterize experimental SOP trace and 2) using 

the extracted parameters to model the observed results.  The system parameters will then be used 

to predict the SOP evolution when the input SOP to the bidirectional configuration is varied. 

Experimental errors that affected the model will also be discussed in this Chapter. 

5.1 Experimental Setup 
The fiber-based bidirectional configuration used to validate the model for one polarization 

control element is shown in Figure 1-8.  The actual components of the system are listed in Table 

5-1. 
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(4)
Piezoelectric
Polarization 
Controller

(PPC)

(6)
Polarimeter

(5)
Computer

(3)
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Control 
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Input݊݅ݏ̂
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Legend

Fiber

Copper

(2)
Polarization 
Controller
(Input PC)

(1)
Tunable Laser 

Source

Measured 
SOP  ݐ̂

 

Figure 5-1:  Experimental setup of the bidirectional configuration 

Table 5-1: System components used for the experiment. Index corresponds to components in 
Figure 5-1 
Index Component Equipment Characteristics 

(1) Source HP8168F Tunable Laser 
Source 

 nm  ܲ: 1.36dBm 1551.34:݋ߣ
(2) Polarization Controller 

(Input PC) 

General Photonics 
PolaRITE PLC004 

Manual fiber squeezing 
and twisting based PC   
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(3) Reflective Structure Fiber Bragg Grating 1551.34 :0ߣ nm 3dB Bandwidth: 262 pm 
(4) Piezoelectric Polarization 

Controller 
General Photonics 
PolaRITE III 

Piezoelectric polarization 
controller (PPC) with a 
piezoelectric driver board 

(5) Controller Computer  Digital Input Output Card to 
interface with the PPC’s 
piezoelectric driver board 

GPIB for reading SOP data 
from polarimeter 

Matlab Instrument Control 
Toolbox for data processing 

(6) Polarization Analyzer Tektronix PAT9000B 
(Polarimeter) 

GPIB output 

 

5.2 Modeling Experimental Data with One Actuator 
Figure 5-2 shows the SOP evolution when one of the actuators of the piezoelectric polarization 

controller (PPC) is swept from ߠ =  The techniques developed in Section 3.6 and Section  .[ߨ0,2]

3.7 are used to characterize this SOP data and the results will be shown in this section. 
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Figure 5-2:  The experimental SOP trace from varying the applied voltage to a piezoelectric 
actuator from 0 to 67.5V.  30 data points were collected and plotted on the Poincare sphere. 

As mentioned in Chapter 3, Equation (3.35) is used to describe the SOP evolution in the 

bidirectional configuration.  Equation (3.35)  can be determined from the experimental trace by 

applying an FFT to each of the three experimental Stokes parameters.  Figure 5-3 shows the 

results of the FFT as applied to the ଵܵ component: 
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(a) 

 
(b) 

Figure 5-3:  The (a) amplitude and (b) phase information from a 384-point FFT applied to the 
first Stokes parameter, ࡿ૚. 

As expected from the theory developed in Chapter 3, there are three frequency components that 

appear at ߨ,  and at DC in the FFT as seen in Figure 5-3(a). The amplitude and phase data ߨ2

allows us to model the Stokes parameters against the angle,ߠ, as seen in Figure 5-4.  
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Figure 5-4:  The Stokes parameters versus angle of rotation with the trigonometric fit Equation 
(5.1) applied as determined from the FFT. 

The following fit equation was determined from the FFT.   

(ߠ)ଶ,௙௜௧ݐ̂ 
= ൥0.09450.41830.4693൩  cos ൭2ߠ + ൥ 3.1340−0.20491.3007 ൩൱
+ ൥0.78390.62830.3966൩ cos ൭ߠ + ൥−2.2379−1.59670.2204 ൩൱ + ൥−0.08080.3271−0.3178൩ 

(5.1)

We can also plot Equation (5.1) and compare it with the experimental SOP trace on the Poincare 

sphere as seen in Figure 5-5. 
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Figure 5-5:  The curve as determined from the FFT fitting (blue) as plotted with the 
experimental data. 

 

To calculate the error between the fitted data points and the experimental data points, we look at 

the percent angular deviation which is given as: 

ݎ݋ݎݎܧ%  = cosିଵ൫̂ݐ௘௫௣ ⋅ ߨ௙௜௧൯ݐ̂ × 100% (5.2)

The resulting error versus the applied voltage is displayed in Figure 5-6. 
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Figure 5-6:  The percent angular deviation of the fitted curve with the experimental trace. No 
corrections have been made to correct a discrepancy between the applied voltage and the angular 
rotation ࣂ. 
To acquire the system parameters, we need to convert Equation (5.1) to its equivalent form 

described by Equation (3.23) which is:  

(ߠ)ଶ,௙௜௧ݐ̂ 
= ൥−0.09450.40950.1252 ൩  cos ߠ2 + ൥−0.00070.0851−0.4523൩ sin ߠ2 + ൥−0.4850−0.01630.3870 ൩ cos ߠ
+ ൥ 0.61590.6280−0.0867൩ sin ߠ + ൥−0.08080.3271−0.3178൩ 

(5.3)

To determine the DES vectors, we use Equation (3.30) and (3.31).  The parameters to be used in 

Equation (3.30) are: 

Ԧଵܣ  = ൥−0.00070.0851−0.4523൩ , Ԧଶܣ = ൥−0.0585−0.01080.4579 ൩ (5.4)
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 .ොଶߙ Ԧଶ are then used to determineܣ Ԧଵ andܣ

Equation (3.31) is used to determine the intermediate SOP trace,̂ݐଵ.  From ̂ݐଵ, ߙොଵ can be 

determined with the steps outlined in Section 3.6. The resultant curve from applying Equation 

(3.31) to Equation (5.3) is shown in Figure 5-7. 

 

Figure 5-7:  The curve that represents the output of the forward transmission matrix in Figure 
3-6 experimentally. 

Figure 5-7 shows a curve that resembles an oblong circle.  From the model, the plot was 

expected to be a circle on the Poincaré sphere as was seen in Figure 3-10.  This results from the 

limitations of the DES model which cause the SOP to deviate from an ideal circle.  The 

limitations of the DES model will be discussed in the Section 5.4.   We can still use the results 

from Figure 5-7 to approximate the DES ߙොଵ.  This parameter is then used in a nonlinear least 

squares fitting algorithm to refine the value of ߙොଵ.  Table 5-2 summarizes the DES vectors that 

were determined. 
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Table 5-2: Parameters necessary to characterize the system as was determined from the 
characterization steps 

DES Vector Value ߙොଵ [−0.1359 0.2378 ොଶ [0.9577ߙ ்[0.9618 0.2791 0.0694]் 

Using the model developed in Chapter 3, we input the system parameters into Equations (3.24)-

(3.28).   The resultant equation for the model is in Equation (5.5). 

(ߠ)ଶ,௠௢ௗݐ̂ 
= ൥−0.12880.41770.0979 ൩  cos ߠ2 + ൥ 0.00170.1027−0.4360൩ sin ߠ2 + ൥−0.4654−0.01090.4032 ൩ cos ߠ
+ ൥ 0.64130.6384−0.0648൩ sin ߠ + ൥−0.06850.3161−0.3059൩ 

(5.5)

There is a slight deviation between ̂ݐଶ,௠௢ௗ and ̂ݐଶ,௙௜௧ which is the result of the limitations of the 

DES model which will be discussed in the Section 5.4.  Nonetheless, we plot ̂ݐଶ,௠௢ௗ with the 

experimental data collected (Figure 5-8(a)).  The percent angular deviation between each 

experimental datapoint and the modeled datapoint is shown in Figure 5-8(b). 
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(a) 

 
(b) 

Figure 5-8: (a) The experimental data and modeled data, Equation (5.5), using the extracted 
DES vectors. (b) The percent error between the experimental datapoint and the modeled 
datapoint as determined by the ratio of surface distance over the maximum distance that two 
points can be from each other on the sphere. 
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There is a slight deviation between the expected angular response and the actual angular 

response to the applied voltage which is due to the PPC.  To correct for these slight deviations, 

we can shift the ߠ in relation to the applied voltage (Figure 5-9) such that the error is minimized 

(Figure 5-10). 

 

 

Figure 5-9: The assumed angular response to the applied voltage (red) compared with an 
adjusted angular response to the applied voltage (blue) 
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Figure 5-10:  The percent angular deviation between the experimental and modeled data with 
the angle correction. 

The result of these corrections allowed the error between the experimental and modeled data to 

decrease with a maximum deviation of 2.6%.  Additional sources of error will be discussed in 

Section 5.4.  

5.3 Validity of One Actuator Model 

To demonstrate the validity of the model, we vary the input ̂ݏ௜௡ to the system.  We use a PC 

placed before the circulator (Input PC) to vary the input SOP as was shown in Figure 5-1. From 

theory, the DES of each actuator should remain the same as was characterized in Section 5.2.  By 

varying only the input SOP, ̂ݏ௜௡, we should be able to use the system parameters from Section 

5.2 to predict the experimental data.   The results are shown in Figure 5-11 

 

0 10 20 30 40 50 60
0

0.5

1

1.5

2

2.5

3

Applied Voltage (V)

P
er

ce
nt

 D
ev

ia
tio

n

Error Between Experimental and Modeled Data



5.3   VALIDITY OF ONE ACTUATOR MODEL 77
 

 

 
(a) 

 
(b) (c) 
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(d) (e) 

Figure 5-11:  Different experimental SOP traces (red) and the modeled data (blue) for varying 
the input SOP ො࢙࢔࢏ to the bidirectional system. The effective input of each trace are: (a) ො࢚૙૚ =[−૙. ૟૜૙ૠ ૙. ૠ૟ૠ૙ ૙. ૙ૡ૜૙]ࢀ (b) ො࢚૙૛ =  [−૙. ૚૝૟૙ ૙. ૢૠ૙૙ −૙. ૚ૢ૜૙]ࢀ, (c) ො࢚૙૜ = [−૙. ૢૠ૞૙ ૙. ૚ૡ૛૙ ૙. ૚૜૙૙]ࢀ (d) ො࢚૙૝ =  [૙. ૜૜૛૙ ૙. ૡ૛ૠ૙ −૙. ૝૟૙૙]ࢀ (e) ො࢚૙૝ = [−૙. ૙૟૟૙ ૙. ૜૛૞૙ −૙. ૢ૝૜૙]ࢀ 

There is good correspondence between the predicted curves and the experimental data.  The 

errors between the experimental and predicted curves are shown in Figure 5-14 with the 

maximum error being 7.7%. 
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Figure 5-12:  The percent angular deviation between the experimental and modeled data for 
each varying ො࢚૙ with the ࣂ −  .corrections ࢂ

Another way of verifying this model is to characterize each of the individual experimental curves 

in Figure 5-11 and to extract the DES vectors.  Figure 5-13 shows the forward and backward 

DES vectors plotted on the Poincaré sphere. 
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Figure 5-13: The forward DES vectors, ࢻෝ૚ (blue) and backward DES vectors, ࢻෝ૛  (cyan) of the 
experimental curves in Figure 5-11. 

Table 5-3: The mean system parameters as extracted from each of the curves in Figure 5-11. 

DES Mean Vector Value Standard Deviation ߙොଵ [−0.1164 0.2628 0.9553]் ොଶ [0.9522ߙ6.67% 0.2892 0.0784]் 0.82%
In Figure 5-13, we can see that the DES of each experimental curve does not change much as 

expected and in Table 5-3, the standard deviation of the DES vectors are relatively small. 

These results validate the model that was developed for the bidirectional configuration for a 

single actuator.  However, there are a number of errors that prevented the fit to be as precise as 

can be.  We will discuss those errors in the next section. 

5.4 Experimental Limitations 
As was mentioned in Chapter 2 and 3, the polarization control model was developed under ideal 

conditions.  In practice, there are number of practical limitations. The piezoelectric actuator has 

some nonideal characteristics such as hysteresis.  Furthermore, the limits of the DES model do 

not hold over the entire range over which the piezoelectric actuator operates.   We will discuss 
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the limits of the DES model, how hysteresis of the piezoelectric material affects polarization 

tracking, and how resetting the actuator can eliminate some of the nonidealities. 

5.4.1 Limits of the DES Model 

The DES model holds for a small variation around the physical control variable; i.e. the DES 

model is a first order approximation to the SOP evolution (see Chapter 2).  As a result, the DES 

model may not hold for high applied voltages, which implies there might be a departure between 

the model and the experimental results. We present a scenario where the deviation is pronounced 

by characterizing a piezoelectric actuator in the single pass configuration similar to Figure 1-7.  

At low applied voltages, the SOP evolution follows a circular trace as was mentioned in Chapter 

2 and can be modeled with the method outlined in Section 2.3 and Section 2.4.  But at higher 

applied voltages, the curve deviates away from the circle and a new DES vector can be 

calculated as result of the deviation as seen in Figure 5-14(a). 

 መ2ሬܱԦ1ߜመ1ߜ

ሬܱԦ2 

 ݐ̂

  
(a) (b) 

Figure 5-14: The (a) experimental output SOP trace, ෠࢚, in a unidirectional configuration.  The 
curve initially has a DES ࢾ෡૚, but evolves to ࢾ෡૛ at high applied voltages and spirals outwards.  As a 
result the the centre vector of the output SOP trace, ࡻሬሬԦ૚ also shifts to  ࡻሬሬԦ૛.  The theoretical circular curve 
based on the initial DES ࢾ෡૚ is shown in (b).

The spiral shape, rather than a closed circle, is due to the slight change in DES under high stress. 

Nonetheless, for small magnitudes of applied stress to the fiber, the path can still be 

approximated by a circular trajectory Figure 5-14(b).   
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The DES calculated at lower applied voltages does not hold at higher applied voltages, and this 

effect will also cause the SOP trace to spiral in the bidirectional configuration as seen in Figure 

5-15. 

 

Figure 5-15: An experimental SOP trace for the bidirectional configuration when the spiraling 
effect is pronounced 

This spiral deviation in the SOP trace will skew the FFT fit and the accuracy of the DES 

calculations.  Hence, the assumption that the DES vectors do not vary over the 2ߨ range is not 

entirely valid; i.e. the DES vectors calculated are an average value of the actual DES vectors.  It 

is also this limitation that will affect the SOP prediction for multiple actuators which will be 

discussed about in Chapter 6.  A higher-order DES model might able to resolve some of these 

limitations which is reserved for future work. For the purpose of this work though, we will show 

a method in Chapter 7 that will reduce the effects of the DES limitations in predicting the SOP 

when operating multiple actuators. 

It should be noted that not all polarization control elements will show the extreme spiraling 

effect.  In Figure 5-2, the spiral effect is less noticeable.  The spiral effect depends on the 
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construction of the piezoelectric actuators, the fiber placement within the actuators, and the 

birefringence of the fiber, which makes it difficult to predict and model. 

5.4.2 Hysteresis of Piezoelectric Material 

In addition to the limits of the DES model at higher applied voltages, hysteresis effects are 

apparent with the piezoelectric actuator.  We demonstrate this by first increasing the applied 

voltage to the PPC which will form one SOP trace, followed by decreasing the applied voltage to 

the PPC which will form another trace. In Figure 5-16, we observe that the there is a phase shift 

between the two curves for each of the Stokes parameters. 

 
(a) (b) 

 
(c) 

Figure 5-16:  The Stokes components versus the applied voltage when the applied voltage is 
increasing from 0V to 67.5V (red) and when the voltage is decreasing from 67.5V to 0V (blue).  
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There appears to be a phase shift between the two curves as evident in the (a) ࡿ૚, (b) ࡿ૛, and (c) ࡿ૜ Stokes parameters.  The data was collected from 10 data runs. 

This phase shift can be attributed to the hysteresis response of the piezoelectric material and is a 

well-documented effect [25].  

5.4.3 Response Time of Piezoelectric Material 

After resetting the actuator, a transient response with a long relaxation time was observed in the 

Stokes parameter as seen in Figure 5-17. 

 

Figure 5-17:  The response of the Stokes parameter over a period of time after the actuator has 
been reset. 

The hysteresis and the slow reset response limit endless tracking of the SOP.  The slow response 

will be a source of error and cannot be controlled without sacrificing time to wait for the SOP to 

settle.  However, the phase shift can be dealt with through resetting the actuator; i.e. we apply 0V 

to the PPC before applying the necessary voltage to get to the target SOP.  To demonstrate this, 

we can compare the SOP trace that is obtained normally through an increasing applied voltage 

which was done in Section 5.2, to a trace formed from resetting the actuator first and then 

applying the voltage value to the actuator. 
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(a) (b) 

 
(c) 

Figure 5-18: Resetting the actuator before applying a voltage (red) in comparison to the 
characterization trace (blue) for the (a) ࡿ૚ (b) ࡿ૛ and (c) ࡿ૜ Stokes parameters.  There appears to 
no phase shift between the two curves.  The data was taken over 10 data runs. 

Figure 5-18 shows there is a good correspondence between resetting the actuator and not 

resetting the actuator when the applied voltage is increasing.  Similar results are obtained from 

resetting the actuator before a decreasing voltage is applied to the actuator as shown in Figure 

5-19. 
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(a) (b) 

 

(c) 

Figure 5-19:  The Stokes components (a) ࡿ૚, (b) ࡿ૛, and (c) ࡿ૜ versus the applied voltage when 
the applied voltage is increasing from 0V to 67.5V (red) and when the voltage is decreasing from 
67.5V to 0V (blue). Prior to applying a decreasing voltage, a reset is done on the actuator.  The 
data was collected from 10 data runs. 

Resetting the actuator allows us to essentially remove the hysteresis effect.  However, since the 

time between resetting and applying the next voltage is approximately (0.77±0.20)s, there might 

be a slight perturbation in the output SOP.  In systems with a varying input SOP, SOP 

fluctuations can occur as fast as 100[26] ݏߤ, but more typically they change at a rate of about 5 

rads/s on the Poincare sphere [27].  Nevertheless, for the purpose of our model, we will not be 
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considering the time delays and perturbations incurred which can be suppressed with a faster 

polarization tracker and a faster controller in which our algorithm can be implemented in. 

Furthermore, we can compare the accuracies of reaching an SOP state by resetting and not 

resetting the actuator.   The comparison was done by first sweeping the actuator from 0V to 

67.5V which corresponds to an angular sweep of ߠ = 0 to 2ߨ.  We then do a random sampling 

of applied voltages (Table 5-4) and plotting that data against the initial data obtained. We expect 

that the SOP produced by applying a certain voltage will correspond with the curve obtained by 

applying an increasing voltage to the actuator. The results can be seen in Figure 5-20 (a). 

Table 5-4: A set of voltages applied to the actuator in the following sequence. 

Test Voltages (V) [9, 13.5, 33.75, 22.5, 16.875, 1.125, 52.5, 30.75, 4.125, 41.25] 
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(a) 

 
(b) 

Figure 5-20: A set of voltages applied to the PPC in comparison with the characterization trace 
when the actuator is first (a) reset and (b) and when actuator is not reset.  The error bars signify 
the standard deviation of the data over 10 datasets. 
 

To demonstrate how resetting the actuator is critical, the same data is collected without resetting 
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supposed location.  The percent angular deviation between resetting and not resetting the 

actuators with the ten randomly applied voltages are shown in Figure 5-21. 

 

 

Figure 5-21: The percent deviation between the SOP as obtained from the randomly chosen 
applied voltages and the SOP as obtained from the characterization curve when a reset is applied 
prior to applying the voltage (red) compared to when no reset is applied prior to applying a 
voltage (blue). 
 

Therefore, it is necessary to reset the actuator first before applying a voltage as this method will 
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5.4.4 FFT Error 

 
(a) (b) 

Figure 5-22: The FFT of the ࡿ૚ component in Figure 5-3(a) over the entire range when the 
window size covers (a)  54V compared with the FFT whose window size covers (b) 64.8V. 

The FFT is necessary to determine the fit for the SOP curves, and it also used for extracting the 

DES vectors, ߙොଵ and ߙොଶ. The window size is essential for the FFT to work.   The window size is 

dependent on a dataset that covers a complete period of its revolution.  There are a couple of 

factors that affect knowledge of the window size and can skew the FFT fit.  The largest 

contribution to the FFT error is the DES model limitation.  At higher applied voltages, the curve 

may start spiraling and if the spiral effect is large, it will affect the overall FFT fitting, as it will 

no longer be representational of a trigonometric curve with two frequency components.  Another 

smaller factor in the FFT error is the discrete data points. There is a possibility that the data 

collected does not cover the datapoints of a complete revolution, which will also skew the FFT 

fit.   

Based on analysis of the curves with little deviation at higher applied voltages (e.g. Figure 5-2), a 

complete revolution occurs at approximately 54V.  For speed in characterizing the SOP traces, 

we chose 25 data points spaced out by 2.16V.  Thus, N = 25 is the window size used.   However, 

due to the two main factors influencing the FFT, higher frequency components are observable in 

the FFT (Figure 5-22 (a)) but are largely suppressed.  In Figure 5-22 (b), a larger window size is 

chosen (e.g. N= 30 which corresponds to 64.8V) for more data points, but since N=30 does not 

correspond to 2ߨ,  the higher frequency components are more pronounced. 
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5.4.5 Additional Sources of Error 

Other errors include the fiber sensitivity to the environment and detector noise.  Additionally, in 

the PPC the actuator’s mechanical jaw may not engage or slip with the fiber when the PPC is 

activated.  Furthermore, when a voltage is applied to the piezoelectric actuator, there might be a 

small discrepancy in the desired voltage and the actual applied voltage to the piezoelectric 

actuator. The piezoelectric driver board converts a digital voltage value from the computer to an 

analog voltage value that is applied to the actuator.  This digital to analog conversion may have 

resulted in a slightly fluctuating voltage value that can also be aggravated by a step-up converter 

that amplifies the voltage value.  Nonetheless, all of the above mentioned errors are fairly small 

between the experimental data and the one actuator model, especially after most of the larger 

errors were accounted for. 
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Chapter 6  

Multiple Polarization Control Elements Model 

Validation 

We were able to verify the theoretical model in the single polarization control element case.  

However, for polarization control, a single polarization control element cannot reach every target 

SOP; so it is necessary to use multiple control elements to control the output SOP.  In this 

section we will verify the theoretical model for multiple control elements that was developed in 

Chapter 4.  We will also present how characterizing each element in the PC allows us to predict 

the experimental results. 

6  

6.1 Experimental Data with Multiple Actuators 
In this section we will present the experimental data as obtained from operating multiple 

actuators in sequence.   

Figure 6-1 is the set of output SOP traces when operating in the configuration that was presented 

in Section 4.4.1; the input signal enters the fixed-voltage actuator first, followed by the variable-

voltage actuator (see the configuration in Figure 4-2). 
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Figure 6-1: The experimental output SOP curves for different fixed-voltage settings when the 
input signal enters the fixed-voltage actuator before the variable-voltage actuator.  The different 
color lines represent different voltages applied to the fixed-voltage actuator.  The black circle is 
the nodal SOP of the set of curves. 

Figure 6-1 resembles the expected behavior for the SOP evolution in this configuration; the 

curves appear to rotate and appear to have a nodal SOP (black circle).  This is similar to what 

was observed in Figure 4-4. 

The results for the other configuration, where the input signal enters the variable-voltage actuator 

first before the fixed-voltage actuator (Section 4.1.2.2) are shown in Figure 6-2. 

 

 



94 CHAPTER 6 MULTIPLE POLARIZATION CONTROL ELEMENTS MODEL VALIDATION 

 

 

 

Figure 6-2: The experimental output SOP traces for different fixed-voltage settings when the 
input signal enters the variable-voltage actuator before the fixed-voltage actuator.  The different 
color lines represent the different voltages applied to the fixed voltage actuator.  The black circle 
represents the nodal SOP. 

The results shown are similar to what was predicted in Section 4.1.2.2.  The curves appear to 

expand outwards and are fixed to a nodal SOP as well (black circle), which is the behavior that 

was observed in the simulations (Figure 4-6).   

From the curves shown in Figure 4-3, we can characterize and model each of the experimental 

curves at the different step-angles, ߠ௦௧௘௣, using the method that was outlined in Section 3.7. The 

resulting modeled data is plotted in Figure 6-3 together with experimental data for comparison. 
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(a) (b) 

Figure 6-3: Using the method of characterization as developed in Section 3.7 to model each 
curve in both configurations. The first configuration (a) is where the signal enters the fixed-
voltage actuator first followed by the variable-voltage actuator while in (b) the signal enters the 
variable–voltage actuator first followed by the fixed-voltage actuator. 

As can be seen in Figure 6-3, the model agrees with the experimental SOP data quite well.  

However, instead of characterizing each curve at each step-angle, ߠ௦௧௘௣, it would be more 

practical if we could predict the behavior of the curves with the system parameters as extracted 

from operating each actuator independently of the other actuators as developed in the theory in 

Chapter 4.  The next section will show how this behavior can be modeled. 

6.2 Modeling Experimental Data with Multiple Actuators 
With multiple actuators, each individual SOP trace can be characterized as was shown in Figure 

6-3.  However, we would like to know if characterizing each actuator independently will allow 

us to predict how the curves will evolve when the actuators are operated together.  The first step 

is to extract the system parameters from the SOP trace formed from sweeping each actuator.  

This is then followed by using the model developed in Chapter 4 to estimate the curves formed 

from changing the step-angle, ߠ௦௧௘௣.  In section 6.2.1, we will attempt to predict how the curves 

will evolve through the system parameters as extracted from each SOP curve that is formed by 

the individual actuators.  We will show that the system parameters do not provide an accurate 
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description of the SOP evolution through multiple actuators.  In section 6.2.2, we will try to 

compensate for these deviations by using the nodal SOP method as was described in Section 4.2. 

6.2.1 Predicting Curves through System Parameters Only 

We will first attempt to model Figure 6-1(a) with experimentally determined DES vectors 

associated with the actuators of the PPC. The curves obtained in Figure 6-1(a) was through the 

configuration shown in Section 4.1.2.1; the input signal enters the fixed-voltage actuator first 

followed by the variable-voltage actuator (Figure 4-2).  The fixed-voltage actuator is Actuator A, 

and the variable-voltage actuator is Actuator B; and their DES vectors are listed in Table 6-1 as 

determined with the method that was demonstrated in Chapter 5.  

Table 6-1: The system parameters for two actuators in the PPC 

And the initial output of the system is: ̂0ݐ = [−0.6303 0.1146 −0.7658]ܶ. 
 

Actuator DES Vectors Values 

A 
ෝ1ߙ [0.4145 0.6802 ෝ2ߙ்[0.6046− [−0.4085 −0.8281 −0.3839]்

B 
෡1 [0.4849ߚ 0.3472 ෡2 [0.1537ߚ ்[0.8027 −0.4605 0.8742]் 
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(a) 

 
(b) 

Figure 6-4: (a) The resultant modeled curves (red) are plotted against the experimental curves 
(black) using the method in Section 3.7 and the theory in Section 4.1.2.1.  The signal enters the 
fixed-voltage actuator before entering the variable-voltage actuator. (b) The percent error 
between the experimental data and the predicted curve.  The error gradually increases.  The 
maximum error is at 29.02 % which occurs when the applied voltage to the fixed-voltage 
actuator is highest. 
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The percent deviation between the experimental and predicted datasets (Figure 6-4(b)) is 

increasing at higher applied voltages to the fixed-voltage actuator.  Furthermore, the predicted 

data curves do not appear to have a fixed nodal SOP; instead the nodal SOP appears to rotate 

with the predicted data as seen in Figure 6-4(a). These errors can be attributed to the limits of the 

DES model as mentioned in Section 5.4.1. 

If we flip the configuration such that the variable-voltage actuator is the first actuator that the 

signal enters followed by the fixed-voltage actuator, and apply the theory in Section 4.1.2.2 to 

predict the curves in Figure 6-1b), then the results are shown in Figure 6-5. 

The result of the predicted curves follows the general shape (Figure 6-5(a)), but there are a 

number of deviations in this configuration as well.  For example, the curves appear to stray away 

from the nodal SOP, and at higher applied voltages to the fixed-voltage actuator, the percent 

error between the predicted SOP and the experimental SOP is also increasing (Figure 6-5(b)).    

It appears that the DES vectors as extracted with the method discussed in Section 4.1.2 lack 

accuracy when they are used as inputs to the DES model.  The modeled curves formed do not 

agree well with the behavior of multiple actuators in an experimental setting, which is largely 

due to the DES limitation, and the fluctuating SOP states. An alternative method for predicting 

the curves with the nodal SOP was provided in Section 4.2 and the results will be detailed in the 

next section. 
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(a) 

 
(b) 

Figure 6-5: (a) The resultant modeled curves (red) are plotted against the experimental curves 
(black) using the method in Section 3.7 and the theory in Section 4.1.2.2. (b) The percent error 
between the experimental data and the predicted curve.  The error gradually increases.  The 
maximum error is at 22.42 % which occurs when the applied voltage to the fixed-voltage 
actuator is highest. 
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6.2.2 Modified Method of Modeling with System Parameters 

In this section, we will examine the validity of the nodal method (Section 4.2) for predicting the 

output SOP traces when multiple actuators are operated.  

We use the procedure discussed in Section 4.2.  The DES vectors remain the same as Table 6-1, 

but we will only use the reverse transmission matrix DES vector, ߙොଶ, ߚመଶ for the analysis in this 

section. ߙොଵᇱ  and ߚመଵᇱ  will be determined through the nodal method.   

The initial output of the system remains as ̂0ݐ = [−0.6303 0.1146 −0.7658]ܶ.  The node is ̂ݐ௡௢ௗ௘ = [−0.5406 0.2925 −0.7888]், which is obtained experimentally.   

 For the configuration when the input signal enters the fixed-voltage actuator first followed by 

the variable-voltage actuator (Section 4.1.2.1), the results are shown in Figure 6-6. 
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(a) 

 
(b) 

Figure 6-6: (a) The resultant modeled curves (blue) are plotted against the experimental curves 
(black) using partially the theory in Section 4.1.2.1, supplemented by the nodal SOP as an 
additional parameter in the prediction process.  The signal enters the fixed-voltage actuator 
before entering the variable-voltage actuator. (b) The percent error between the alternative 
method of predicting the experimental curve when the applied voltage to the fixed-voltage 
actuator is changed.  The maximum error is 30.73% which occurs when the voltage to the 
variable-voltage actuator is at its highest. 
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The maximum error in Figure 6-6(b) is 30.73% which is due to the limits of the DES model at 

high applied voltages as already mentioned in Section 5.4.1. At low applied voltages the percent 

deviation is relatively low. 

For the configuration when the input signal enters the variable-voltage actuator first followed by 

the fixed-voltage actuator (Section 4.1.2.2), the results are shown in Figure 6-7. The modeled 

SOP curves appear to agree well with the experimental SOP curves.  In addition, the model SOP 

curves’ nodal SOPs do not deviate much from the supposed nodal SOP as marked as a purple 

circle in Figure 6-7(a). The maximum deviation between the predicted and experimental error is 

12.82% and the deviation between the predicted and experimental error does not increase 

significantly at higher step voltages to the fixed-voltage actuator as can be seen Figure 6-7(b).  

In both cases, the errors are still relatively high.  In the first configuration (Figure 6-6), the 

experimental and predicted data is comparable to the results in Section 6.2.1, but in the second 

configuration (Figure 6-7), the results held better at higher applied voltage. This can be attributed 

to the constant reverse transmission matrix DES vector of the variable-voltage actuator, ߙොଶ, 

which from theory does not change when in the configuration described in Section 4.1.2.2; we 

only have to predict how the forward transmission matrix DES vector of the variable-voltage 

actuator, ߙොଵᇱ , will evolve. This is unlike the first configuration, where the signal entered the fixed-

voltage actuator first, and both DES vectors of the variable-voltage actuator are rotated.  Thus, 

for polarization control, we will be considering the second configuration; the signal enters the 

variable-voltage actuator first.  The error is still significant with this configuration, but we will 

show that the errors can be compensated for when we discuss polarization control. 
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(a) 

 
(b) 

Figure 6-7: (a) The resultant modeled curves (blue) are plotted against the experimental curves 
(black) using partially the theory in Section 4.1.2.2, supplemented by the nodal SOP as an 
additional parameter in the prediction process.  The signal enters the variable-voltage actuator 
before entering the fixed-voltage actuator. (b) The percent error between the alternative method 
of predicting the experimental curve when the applied voltage to the fixed-voltage actuator is 
changed.  The maximum error is 12.82% 

 

0 10 20 30 40 50
0

2

4

6

8

10

12

14

Applied Voltage (V)

P
er

ce
nt

 E
rro

r

p

 

 
θstep = 0

θstep = π/12

θstep = π/6

θstep = π/4

θstep = π/3



104 CHAPTER 6 MULTIPLE POLARIZATION CONTROL ELEMENTS MODEL VALIDATION 

 

 

6.3 State of Polarization Coverage on Poincaré Sphere 
In the bidirectional configuration, we would like to know if it would be possible to obtain any 

SOP; i.e. is there a voltage combination within the range of the PPC such that we can reach any 

target SOP?  Unfortunately, as this system does not have a linear model, we cannot use matrix 

methods for determining if the SOP coverage on the Poincaré sphere [28].  Instead, we can 

determine SOP coverage by modeling all possible configurations of the system and plotting on 

the Poincaré sphere.   With the DES for the three actuators in this system (Table 6-1), we can 

predict which SOP can be obtained without having to try all possible combinations 

experimentally as seen in Figure 6-8.  

 

Figure 6-8: The SOP coverage by using three different combinations of actuators as labeled by 
the cyan, magenta and yellow traces.  The DES vectors were taken from experimental data.  
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(a) 

 
(b) (c) 

Figure 6-9: Three separate views of the Poincaré sphere for (a) the ࡿ૚ − ૛ࡿ ૛ plane, (b)ࡿ −  ૜ࡿ
plane and the (c) ࡿ૚ −  ૜ plane.  The nonoverlapping areas suggest regions where certainࡿ
actuator combinations cannot reach.   

As can be seen from three different views of the Poincaré sphere in Figure 6-9, there are no 

uncolored regions on the Poincaré sphere that would indicate that a SOP is not reachable.  We 

can attempt to verify this experimentally through the same procedure as in the theoretical 

method; we step through the control parameters of one actuator, and at each step we vary the 
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control parameter of another actuator.   This is done for all possible combinations of the PPC. 

The results are shown in Figure 6-10. 

 

Figure 6-10: The experimental data for stepping and varying three different combinations of 
actuators. 
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(a) 

 
(b) (c) 

Figure 6-11: The experimental data as collected from operating two actuators at a time for three 
separate views of the Poincaré sphere: (a) the ࡿ૚ − ૛ࡿ ૛ plane, (b)ࡿ − ૚ࡿ ૜ plane and the (c)ࡿ −  ૜ plane.  The nonoveralapping areas suggest regions where certain actuator combinationsࡿ
cannot reach.   

In this case, we do observe white spots through the Poincaré sphere on the curves in Figure 6-11.  

However, this is due to a sparsely populated dataset; i.e. the datapoints taken were not dense 

enough to cover the entire Poincaré sphere.  However, from the data collected, we can still 

conclude that these SOPs do appear reachable and that there are no definite uncolored region that 

would indicate that there are SOPs that are unreachable by the combination of actuators. 
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Chapter 7  

Bidirectional Polarization Control 

In the previous chapter, we were able to determine the system parameters that would characterize 

the SOP evolution for multiple PC elements.  In this chapter, we will demonstrate different 

methods of polarization control with multiple control elements.  We will use the model that we 

developed as a method of polarization control and we will show the effectiveness of our model. 

We will also show a feedback method and the results of just using a feedback loop with no 

knowledge of how the actuators respond to an applied voltage. Lastly, we will demonstrate how 

feedback combined with the model developed provides a far superior method of polarization 

control.   

7  Heading styles 1-9 for thesis body: Heading 1 » 

7.1 Controlling to Target SOP 
For testing the different polarization control scheme, we will be using 20 randomly chosen target 

SOP vectors as shown in Table 7-1 and as plotted on the Poincaré sphere (Figure 7-1). 

Table 7-1: The twenty target SOP 

Index Target SOP Vector 
1   0.2753   -0.8474   -0.4540 
2 -0.4800    0.3250    0.8150 
3 0.2840    0.8680   -0.4070 
4 0   -0.8910   -0.4540 
5 0.4755    0.3455   -0.8090 
6 0.3052   -0.9393    0.1564 
7 0.2500    0.1816    0.9511 
8 0.9511    0.3090         0 
9 0.6545   -0.4755    0.5878 
10 -0.5590   -0.7694    0.3090 
11 -0.9877         0   -0.1564 
12 -0.4156   -0.5721   -0.7071 
13 0    0.8090    0.5878 
14 0.7991   -0.5805   -0.1564 
15 -0.5590    0.7694   -0.3090 
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16 0.8090         0   -0.5878 
17 0   -0.8090    0.5878 
18 0         0   -1.0000 
19 -0.7991    0.5805    0.1564 
20 0         0    1.0000 

 

 

Figure 7-1: Target SOP as plotted on the Poincaré sphere 

Each of the polarization control schemes will attempt to reach the twenty different SOP vectors.  

We will show the results of how close it gets to the target SOP, and with the polarization control 

methods that use a feedback loop, the number of voltage updates necessary to reach the target 

SOP. 

7.2 Offline Bidirectional Control System 
The offline control system relies on the model that was developed in Chapter 4 and verified in 

Chapter 6.  There are three parts to the offline method: 1) characterizing the actuators for the 

DES vectors and their angular response to the applied voltage; 2) calculating the angular 

rotations for each of the actuators that are needed to reach the target SOP; and 3) translating the 

angular rotations to applied voltages for the PPC.  This process can be visualized in Figure 7-2. 
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Figure 7-2: Flow chart for offline polarization control.  The algorithm needs to characterize the 
actuators first for the system parameters before a user can input a target SOP.  The algorithm 
then calculates the necessary angular rotation on which actuators to reach the target SOP.  
Finally the system converts the angular rotations to voltage values. 

The details of the control system are detailed in the following sections. 
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7.2.1 Characterization 

 

Figure 7-3: Flow chart for the characterization process of one actuator 

Characterization involves determining the system parameters of each actuator, and the angle to 

applied voltage relationship, as shown in Figure 7-3.  This involves varying the applied voltage 

to each actuator independently and obtaining the SOP trace formed by each actuator (Figure 

7-4).  
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Figure 7-4: SOP evolution for the three actuators as determined from the initial characterization 
step 

From the SOP traces, we apply the modified method of extracting system parameters (Section 

6.2.2) to obtain the DES vectors which are listed in Table 7-2. 

Table 7-2: The actuators’ DES vectors 

Actuator DES DES Vector 

ෝ૚ [0.9082ࢻ 1 −0.3586 ෝ૛ [−0.7100ࢻ்[0.2160− −0.3074 −0.6336]்
෡૚ [−0.0218ࢼ 2 0.7732 ෡૛ [−0.1856ࢼ ்[0.6337 0.7008 0.6887]் 

ෝ૚ [−0.8568ࢽ 3 −0.4924 ෝ૛ [0.2415ࢽ்[0.1531− −0.8085 0.5366]் 
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In addition to characterizing each actuator, we also obtain the relationship between the angular 

rotation and the applied voltage which will be used when converting the angular results of the 

algorithm to applied voltages (Figure 7-5). 

 

Figure 7-5: The angular rotation versus applied voltage for the three actuators 

 

7.2.2 Algorithm 

To determine the configuration necessary to reach a target SOP, we use the system parameters to 

model the SOP curves that would be formed and calculate the necessary angular rotations, ߠ௏ 

and ߠி needed from the variable-voltage and fixed-voltage actuators.  We use the actuator 

configuration where the input signal enters the variable-voltage actuator first (see Section 

4.1.2.2).  The benefit of using this configuration is the second DES, ߚመଶ, of the variable-voltage 
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actuator does not change as was discussed in the theory.  Instead, we only have to model how ߚመଵᇱ  
will evolve when the voltage to the fixed-voltage actuator is changed. 

To determine if an SOP is reachable, we first use the variable-voltage actuator’s system 

parameters to model an SOP curve.  We then use Equation (3.34) to calculate the angular 

rotation.  If the target SOP does not lie on the modeled curve, we then increment the angular 

rotation ߠி on the fixed-voltage actuator by some fixed amount.  In our implementation, it was 

incremented by Δߠி =  As a result of incrementing the fixed-voltage actuator’s angular .12/ߨ

rotation, we also change the new input ̂ݐ଴ᇱ  and the DES vector ߚመଵᇱ .  A new SOP curve is formed 

and the process is repeated until we can find the SOP curve on the trace.  If the target SOP 

cannot be found, then a new set of actuators are chosen and the whole process repeats itself.  

From Section 6.3, we determined that every target SOP is reachable, so we can find a target SOP 

with some configuration of the actuators. 

The algorithm to determine the necessary control parameters to the actuators such that the system 

can reach the target SOP is shown in Figure 7-6. 



7.2     OFFLINE BIDIRECTIONAL CONTROL SYSTEM 115
 

 

′0ݐ̂
′0ݐ̂  

መ2′ߚ መ1′ߚ   
መ1′ߚ

 

Figure 7-6: Flow chart that outlines how the algorithm determines the actuator settings to reach 
the target SOP. 
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7.2.3 Implement 

The angular results, ߠ௏ and ߠி need to be converted to applied voltages, which is done through 

relating the angular change ߠ to the applied voltage ܸ. This relationship was obtained in the 

characterization step. 

7.2.4 Results 

Figure 7-7 shows the results of using the offline method.  In most cases, the algorithm was fairly 

accurate in reaching the target SOP (under 20%).  There were a couple of target SOP where the 

final SOP was not able to reach it within 20%.  However, we will show that we can greatly 

reduce the angular deviation later on. 

 

Figure 7-7: Percent deviation between target SOP and implemented SOP 
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7.3 Online Control through Dithering 
Polarization control can be done without any system characterization.  This method of 

polarization control involves two types of operations: increasing and decreasing the applied 

voltage to each actuator and measuring the resultant SOP.  If the new SOP gets closer to the 

target SOP, then we continue with the operation that achieved the improved results as seen in 

Figure 7-8.  If the operation yields an inferior result, we stop move onto the next operation.  This 

continues, until we reach a target SOP within a certain error tolerance level, or no operation on 

either actuator will yield an improved result.  The tolerance level used for this algorithm was 

10% angular deviation. 

There are a number of drawbacks to this method.  When we take the dot product of the target 

SOP with the modeled SOP, Equation (3.23), we can see that the relationship may have multiple 

local maxima. Thus it is possible that there are combinations of the applied voltages that will 

result in a state such that any operation on the applied voltages to either actuator will not yield 

any improvements on reaching the target SOP.   
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Figure 7-8: Flow chart for nondeterministic polarization control 
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Figure 7-9: The percent deviation from the final SOP state and the target SOP for the twenty 
different target SOP in Table 7-1 through the dithering algorithm when the actuators are initially 
in their reset state 

Furthermore, the number of changes to the actuators might be large if we are using small voltage 

steps, while large voltage steps might result in us missing a state that will allow us to get to the 

target SOP in fewer steps. 
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Figure 7-10: The number of updates to the applied voltages of the actuators. 

Figure 7-9 and Figure 7-10 were the results of starting the actuators at their reset state; i.e. when 

no voltage was applied to the actuator.  When we are at the reset state, the actuator cannot 

decrease anymore due to the limits of the control parameters, and in some cases, there are no 

voltage updates that will allow the actuator to get close to the target SOP.  As a result, we 

examine the performance of the dithering algorithm when the actuators voltages are initially at 

half of their control voltage range (e.g. ߠଵ = ଶߠ and ߨ =  The results are shown in Figure  .(ߨ

7-11. 
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Figure 7-11: The percent deviation from the final SOP state and the target SOP for the twenty 
different target SOP in Table 7-1 through the dithering algorithm when the actuators start 
initially from ࣂ૚ = ࣊ and ࣂ૛ = ࣊ 

 

Figure 7-12: The number of voltage updates to the actuators in order to reach their final SOP 
state. 

Ideally, getting as close to the target SOP and then dithering would allow the control system to 
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an SOP state that results in a local maximum in the dot product of the target SOP and the SOP 

trace.  Hence, it would be logical to combine both the offline and online algorithms. 

7.4 Combined Offline and Online Control Scheme 

 

Figure 7-13: The flow chart for the combined offline and online algorithm 

The offline method was able to reach the target SOP fairly close.  However, to improve the 

performance of reaching the target SOP, we can also apply the dithering algorithm to the system 

(Figure 7-13).  The first step is to execute the offline algorithm.  At the end of the offline 
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algorithm, the system will have reached a final SOP state.  In the cases where the percent 

deviation between the target SOP and the final SOP is less than a user-defined percent deviation 

tolerance level, there is no need to continue on with the dithering algorithm.  However, in the 

situations, where the percent difference is greater than the percent-deviation tolerance level, we 

applied the dithering algorithm.  The following are the results of this combination. 

 

Figure 7-14: The percent deviation from the final SOP state and the target SOP for the twenty 
different target SOP in Table 7-1 using the combined deterministic and dithering algorithm 

With the combined method, the largest error is 13.70% (Figure 7-14) which is significantly better 

than the other cases.  We can also take a look at the number of voltage updates as required as 

shown in Figure 7-15. 
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Figure 7-15: The number of voltage updates to actuators to reach the final SOP state using the 
combined deterministic and dithering algorithm. 

With the offline method executing first, the starting point of the dithering algorithm is 

significantly closer to the target SOP, unlike the fixed initial SOP state that was provide to the 

dithering algorithm. Hence the number of voltage updates are fewer (at most 12 voltage updates 

as seen in Figure 7-15 with the test cases considered) and there is less likelihood of running into 

a local maximum with the dot product of the target SOP and the final SOP state. 
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7.5 Comparison of all Polarization Control Methods 
To summarize the results of the polarization control system, we graphed both the angular 

deviation of the final SOP state and the target SOP (Figure 7-16(a)) and the number of voltage 

updates for each of the control system studied (Figure 7-16(b)).  The numerical results are shown 

in Table 7-3.  The combined offline and online algorithm consistently outperformed all the other 

systems. 
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(b) 

Figure 7-16: The comparison of (a) the angular deviation between target SOP and final SOP and 
(b) the number of voltage updates to reach the final SOP of each of the control systems studied. 

Table 7-3: Performance data of all three systems 

Algorithm 
Percent Angular Deviation (%) Number of Voltage Updates 

Mean Maximum Mean Maximum 

Offline 10.7 26.7 N/A N/A 

Offline + Online 5.5 13.7 3.1 12 

Dither from ࣂ = ૙ 37.0 89.4 17.3 63 

Dither from ࣂ = ࣊ 17.7 64.5 19.9 53 
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Chapter 8  

Conclusion 

We developed a theoretical polarization model based on the DES for signals propagating in 

fiber-based bidirectional systems employing reflective elements.  Two methods were developed: 

the transmission matrix method and the geometric approach.  Both modeling methods were able 

to describe how the SOP would evolve when a reflective element (e.g. a FBG) was placed in 

conjunction with a polarization dependent element that is sensitive to external influences (e.g. 

PPC).  We were also able to describe how multiple user-controllable PC elements would affect 

the SOP evolution.  Furthermore, we provided a method that would use both the transmission 

matrix method and geometric approach for extracting the system parameters from experimental 

data.   

To verify our model, we collected experimental data with a commercial PC in the setup shown in 

Figure 5-1. We could extract the system DES vectors and reproduce the experimental data with a 

maximum of 2.6% angular deviation between modeled and experimental datapoints. We were 

also able to validate the results by accurately predicting the SOP traces formed from varying the 

input SOP. External effects such as hysteresis from the piezoelectric actuator, and limitations in 

the model were also studied.  A reset method on the PPC was introduced to overcome the 

hysteresis effects.  Compensation for the nonlinearity between the applied voltage and the 

angular rotation was provided by obtaining SOP traces of the actuators and correcting for the 

nonlinearity.  We then went on to validate the experimental results when multiple actuators were 

controlled.  Even though, we were able predict the SOP evolution curve that qualitatively agree 

with the shape of the experimental SOP curve, we provided an alternative method that overcame 

the substantial deviations (~30%) observed through a model based purely on the DES.  This 

alternative method was based on simulation and experimental observations that the nodal SOP 

stayed fixed when the input SOP is constant.   

Finally, we examined several methods of polarization control.  We found that our offline method 

combined with a feedback loop was able to get within the target SOP with a mean angular 
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deviation of 5.5% between the target SOP and the final SOP state as opposed to the best 

dithering algorithm which resulted in a mean angular deviation of 17.7%.  Applying the offline 

method alone resulted in a mean angular deviation of 10.7%. Furthermore, the combined method 

required fewer voltage updates to the PPC (on average 3.1 updates), as opposed to the best 

dithering algorithm which required on average of 17.3 updates.  In short, we were able to 

demonstrate polarization control method for a bidirectional polarization control system using a 

commercial PPC, controlled by an algorithm based on our polarization model.  Our polarization 

control method proved to be superior to the other methods that were examined. 

8 « Heading styles 1-9 for thesis body: Heading 1 » 

8.1 Future Work 
We were able to show polarization control with a commercial polarization controller.  We can 

improve upon the model and system developed here through a combination of refining the theory 

and improving the implementation of the polarization control system. 

In theory, we observed that at higher applied voltages, the DES model was not as applicable due 

to the approximations made when deriving the DES. The physical manifestation of this limitation 

led to the SOP trace spiraling at higher applied voltages. We alluded to the possibility that it 

might be possible to overcome some of these shortcomings by developing a DES model with 

higher order approximations.  By relating a higher-order DES model to the experimental data, an 

offline control system could perform better and faster without having to resort to a feedback 

loop. 

Furthermore, since we only considered both an offline and dithering algorithm as separate 

modules in the polarization control scheme, it might be possible to integrate the model directly in 

the feedback loop and create a proportional control scheme.  In addition to the possibility of this 

being a better polarization control scheme, proportional control might be more responsive to 

disturbances to the SOP as caused by environmental fluctuations or faulty devices.  However, 

future work needs to be done to assess how proportional control can be achieved and if indeed it 

does perform better. 
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Also, some of the practical applications such as endless polarization control and reset-free 

operation should be considered.  Since the piezoelectric polarization controller was considered, 

hysteresis effects made it difficult to consider reset-free operation due to the physical constraints 

of our system such as the lengthy polarization measurement time.  With a faster feedback loop, 

where the output signal is measured almost continuously, it might be possible to do reset-free 

operation, by making adjustments to the software control system.  Endless polarization control 

with the bidirectional model might be possible if we consider a third actuator to avoid running 

beyond the control limits of actuators.   

In addition to the control aspects of the system, this system could be improved by replacing 

certain components in the polarization control system.  The controller should be replaced with a 

microcontroller or an FPGA instead of a PC thereby speeding up the algorithm for searching for 

solutions to reach the target SOP; the polarization tracker could done by tracking the SOP data 

through an analog method and converting the signals with a fast analog to digital converter that 

would greatly decrease the time necessary for characterization and making adjustments to the 

reach the target SOP in the feedback system.  However, the speed limits might be constrained by 

the response of the SOP to the applied birefringence changes as was observed in Section 5.4.2.  It 

might be possible to resolve this with software solutions. 

Furthermore, there are many applications that would require polarization control in the presence 

of multiple wavelengths.  In the serial configuration of fiber-based pulse-shaping system [11], 

frequency discrimination is done through the use of multiple FBGs.  In that serial network, there 

is a separate PC for each wavelength. The polarization control scheme developed in this model 

can be extended to develop an automated polarization control scheme for multiple wavelengths 

and multiple polarization controllers. 
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Appendix A  
 
Unidirectional Polarization Control 
A  
In this Appendix, we will go over the details for unidirectional polarization control.  Details for 

obtaining the relationship between the angular distance and the applied voltage will be discussed 

in addition to the details of the algorithm 

A.1. Unidirectional System Calibration 

In the calibration step, we need to determine the DES vectors (in which we already provided a 

method of doing so in Section 2.4) and the relationship between the angular distance, ߠ, (which 

describes the angular distance between each output SOP, ̂(ߠ)ݐ, and the initial SOP ̂ݐ଴) with the 

applied voltages to the actuator, ܸ.  In this section we will discuss how to obtain the ߠ − ܸ 

relationship for the unidirectional system. 

In Equation (2.28), ߠ is used to describe how the output SOP, ̂ݐ changes with respect to the initial 

output SOP, ̂ݐ଴. To calculate ߠ requires knowledge of the center of the circular trajectory.  The 

vector formed from the origin to the center of the circle, ܱ,ሬሬሬԦ can be determined by projecting the 

vector formed from one of the SOPs and the origin onto the DES vector.  We can do this with the 

initial output SOP, ̂ݐ଴ 

 ሬܱԦ = ො஽ாௌߙ) ⋅ (଴ݐ̂ ⋅ ො஽ாௌ (A.1)ߙ

Vectors can be formed from the output SOP data points and the centre vector.  Taking the initial 

output SOP, ො࢚૙, and another experimental output SOP, ො࢚૚ and subtracting them with the center 

vector, ࡻሬሬԦ, two vectors are formed, ሬ࢘Ԧ૙and ሬ࢘Ԧ૚ .  
Ԧ଴ݎ  = ଴ݐ̂ − ሬܱԦ  (A.2)

Ԧଵݎ  = ଵݐ̂ − ሬܱԦ (A.3)
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These two vectors can then be used to determine the angular separation between any output SOP 

(see Figure A-1) with the initial output SOP by using an inner product identity. 

଴ଵߠ  = cosିଵ Ԧ଴ݎ ⋅ Ԧଵ‖ (A.4)ݎ‖‖Ԧ଴ݎ‖Ԧଵݎ

 

 

Figure A-1: The ሬ࢘Ԧ૙ and ሬ࢘Ԧ૚ vectors as plotted on the Poincare sphere which are used to 
characterize the system for the DES vectors and the angular response to the applied voltage. 

The angular relationship between two output SOPs are proportional to the voltage that is applied 

to the actuators. The relationship between applied voltage and angular separation is necessary to 

predict the evolution of the output SOP for polarization control.  The calibration data provides 

information on how the output SOP varies with the applied voltage. From testing, it was 

discovered that the angular separation between output SOPs with the initial output SOP had a 

quadratic variation with applied voltage.  To approximate this, the angular separation between 

the first two points of the calibration data set and the angular separation of the last two points of 

data set are used to form a relationship that can be used to model the response of the output SOP 
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in relation to an applied voltage.  The model is first developed as a discrete function as each ߠ is 

obtained by applying discrete step voltages.   

[݊]ߠ  = ൞ 0 , ݊ = 0෍ Δߠ௜௡௜௧௜௔௟௡ିଵ
௜ୀଵ + (Δߠ௙௜௡௔௟ − Δߠ௜௡௜௧௜௔௟)ܰ − 1 (݅ − 1) , ݊ ≥ 1 (A.5)

where 

 Δߠ௜௡௜௧௜௔௟ = ଶߠ −  ଵߠ

Δߠ௙௜௡௔௟ = ேߠ −  ேିଵߠ

(A.6)

Where ߠ௜ refers to the angle from ̂ݐ଴ to ̂ݐ(ߠ௜) and ݅ is a value on the interval [1, ܰ].  ݊ refers to 

the number of steps on the digital output card made to a particular angle, ߠ and ܰ is the number 

of steps on the digital output card to the last calibration datapoint.  Each increment of ݊ is related 

to an increment in the applied voltage. 

 ௔ܸ௣௣ = ݊ ௦ܸ௧௘௣ (A.7)

Through this summation, a continuous model for the voltage response can be derived using the 

summation identities: 

(݊)ߠ  = Δߠ௙௜௡௔௟2(ܰ − 1) (݊ଶ − ݊) − Δߠ௜௡௜௧௜௔௟2(ܰ − 1) (݊ଶ − (2ܰ − 1)݊) (A.8)

Applying Equation (A.7) to Equation (A.8), will yield the relationship of ߠ with respect to the 

applied voltage 

൫ߠ  ௔ܸ௣௣൯ = Δߠ௙௜௡௔௟2ܰ − 2 ቆ ௔ܸ௣௣ଶ
௦ܸ௧௘௣ଶ − ௔ܸ௣௣௦ܸ௧௘௣ቇ − Δߠ௜௡௜௧௜௔௟2ܰ − 2 ቆ ௔ܸ௣௣ଶ

௦ܸ௧௘௣ଶ − (2ܰ − 1) ௔ܸ௣௣௦ܸ௧௘௣ቇ (A.9)

This equation will translate an applied voltage to the angular separation between two output 

SOPs. 
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The above method is then repeated for each actuator involved in the polarization control scheme.  

Each actuator must be swept over its operational range to obtain the SOP data required to 

calculate the DES. 

A.2. Unidirectional System Algorithm 

Once the calibration has determined the system parameters, the algorithm can calculate the 

voltage required for each piezoelectric actuator to obtain the desired output SOP.  In order to do 

this, the system calculates the trajectory that is needed.  There are two approaches: the first is to 

check if one actuator can achieve polarization control; the other is to use two actuators. 

 

A.2.1. Polarization Control with One Actuator 

The system will first determine if the desired output SOP is along any of the actuators path 

through the model in Equation (2.28). To do this, the system has to determine the planes on 

which the target SOP, ̂ݐ௧௔௥௚௘௧ and the initial output SOP, ̂ݐ଴ are situated.   

The first step is to calculate the center vectors of both the initial output SOP and the desired 

output SOP.   

 ሬܱԦଵ = Ԧ஽ாௌߙ) ⋅ (଴ݐ̂ ⋅ Ԧ஽ாௌ  (A.10)ߙ

 ሬܱԦଶ = Ԧ஽ாௌߙ) ⋅ (௧௔௥௚௘௧ݐ̂ ⋅ Ԧ஽ாௌ  (A.11)ߙ

If these two centre vectors are the same, then the desired output SOP lies on the trajectory of the 

initial output SOP.  If the difference between the two centre vectors is relatively small, then it 

might be acceptable to use a SOP that is close to the target SOP, ̂ݐ௧௔௥௚௘௧.   In our experimental 

results, we used a percent angular deviation of 10% as our acceptable tolerance deviation.  The 

criterion deciding whether the difference between the target SOP and the reachable SOP is 

acceptable depends on the application being considered.  In the situation that the difference is 

acceptable, we need to determine the SOP that lies on the trajectory formed by ̂ݐ଴ and the DES 

vector ߙො஽ாௌ, that is closest to ̂ݐ௧௔௥௚௘௧.  To determine the closest SOP, ̂ݐ௧௔௥௚௘௧ is translated to the 

plane with the initial output SOP.   
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Ԧ௙ݐ  = ௧௔௥௚௘௧ݐ̂ + ൫ ሬܱԦଶ − ሬܱԦଵ൯ (A.12)

However, ݐԦ௙ is not really an SOP; it is a point on the plane formed from the initial output SOP, ̂ݐ଴, so it may not lie on the circular trajectory.  In order to determine the actual SOP, a line 

described by a parametric equation is formed from this point on the plane with the center of the 

circular trajectory.   

Ԧ௟௜௡௘ݐ  = Ԧ௙ݐ + Ԧ௙ݐ)݇ − ሬܱԦଵ) (A.13)

where ݇ is a real number parameter.  Since the point on the line that is on the circular trajectory 

has a norm of 1, the norm of Equation (A.13) is taken.  This results in a quadratic equation, 

where ݇ needs to be solved.  Once ݇ is solved, the point can be determined.  There are at most 

two solutions to this equation; the solution that is closest to the desired output SOP is the one that 

is used.  With this SOP, the angle ߠ, can be determined with Equation (A.4). 

 

A.2.2. Polarization Control with Multiple Actuators 

If one actuator cannot achieve the target SOP, then at least two other actuators will be used to 

change the initial output SOP to the final output SOP.  We will first show how polarization 

control can be achieved with two actuators.  

Using two actuators, two circles can be formed.  One from the starting output SOP and the other 

from the desired output SOP.  The polarization trajectories formed from each of the piezoelectric 

actuators can either have one intersection, two intersections or no intersections.  If it has no 

intersection, then the two actuators cannot change the initial output SOP to the target SOP.  In 

that case, another pair of actuators has to be used.  

To determine if a pair of actuators can achieve polarization control, the circular trajectories of the 

individual actuators are treated as planes.  The standard equation of the plane will take the form: 

ݔܣ  + ݕܤ + ݖܥ + ܦ = 0 (A.14)
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The ܣ, ,ܤ  coefficients are determined by the DES of the actuator as the DES vectors are the ܥ

normal vectors to the planes.  For example, since two actuators are typically necessary for 

polarization control, consider actuator 1 and actuator 2.  If actuator 1’s SOP trajectory is 

described by the DES vector Ԧܽ with scalar components a1, a2, and a3: 

 Ԧܽ = ൥ߙଵߙଶߙଷ൩ (A.15)

Then the equation of the plane will be: 

ݔଵߙ  + ݕଶߙ + ݖଷߙ + ܦ = 0 (A.16)

In order to determine ܦ, a point on the plane must be used.  In this case, we could use the initial 

output SOP for the first actuator. Any other point that lies on the trajectory will satisfy Equation 

(A.16).  By solving this equation, ܦ is found.  For the first actuator, let this ܦ be known as ܦଵ.  

A similar step is followed with the second actuator, using the components of its DES, 

represented by b1, b2, and b3, but this time the target SOP and the data from the second actuator is 

used to solve for the equation of the plane.   This will yield another ܦ which for the second 

actuator will be known as ܦଶ.  

Now with two equations, the intersection points need to be determined.  As there are two 

equations and three unknowns, the solution to these two equations will be a line.   

 ܽଵܺ + ܽଶܻ + ܽଷܼ + ଵܦ = 0 (A.17)

 ܾଵܺ + ܾଶܻ + ܾଷܼ + ଶܦ = 0 (A.18)

To solve the system of equations, one of the variables is set to 0, which reduces it to two 

equations and two unknowns.  From which, a solution is obtained.  This is then put into a 

parametric equation such as the following one: 

 ൥ܼܻܺ൩ = ቎̂ݐ଴,௫̂ݐ଴,௬̂ݐ଴,௭ ቏ + ݏ ൥ܥଵܥଶ0 ൩ (A.19)
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Where ݏ is a parameter and ̂ݐ଴,௫, ̂ݐ଴,௬, ̂ݐ଴,௭ are the scalar components of ̂ݐ଴, the initial output SOP.  ܥଵ and ܥଶ were the solutions to Equation (A.17) and Equation (A.18) when the Z component was 

set to 0. 

By applying the additional constraint that the points must lie on the unit sphere, it reduces the 

solution to at most two points.   

 ܺଶ + ܻଶ + ܼଶ = 1 (A.20)

When the additional constraint is applied to each individual component of Equation (A.19), a 

quadratic equation is formed.  If the circles do no intersect, then the quadratic equation will yield 

complex solutions.  In this scenario, we cannot use the two actuators to attain our target SOP.  

Instead, we will need to apply this algorithm on a different combination of actuators to determine 

if there are control settings to attain the target SOP. 

If there are two solutions, then a deciding criterion is used to choose between the two possible 

intersection points.  The decision to use which intersection point is decided by the one that 

requires the least amount of energy.  Since the energy required will be directly proportional to 

the voltage applied, the path that requires the minimal sum amount of the voltages between the 

two actuators will be used.  In order to determine the voltages, four angles are determined.  The 

angle between the initial SOP to each intersection point yields two angles, followed by the two 

angles between the intersection points to the target SOP.  As the system starts from a zero 

voltage state, then there are only two possible paths, one through each common point.  Thus, the 

minimum path would be the shorter of the two paths.  

If there is only one solution, then no deciding criteria is needed. 

Once the angles to the intersection points have been determined, the next step is to calculate the 

voltage that needs to be applied to each actuator.  Using Equation (A.9), the voltage for each 

actuator can be determined once the quadratic equation is solved. 
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9  

System Simplification Techniques 
B  
B.1. Simplification Techniques for Cascaded Components 

The system block diagram in Figure 3-4 can be simplified, using some of the techniques that 

were developed for the bidirectional model. Consider the following system: 

መ݂ ො݃ ܴ1(ߠ, ,߶)ො) ܴ2ߙ (መߚ
 

Figure B-1: System with two polarization rotational elements that transform the input SOP ࢍෝ to 
an output SOPࢌ෠   

with the following system equation: 

 ො݃ = ܴଶ൫߶, መ൯ߚ ܴଵ(ߠ, (ොߙ መ݂ (B.1)

where ො݃ and መ݂ are the input and output Stokes vectors to this system and ܴଵ and ܴଶ are two fixed 

rotation matrices characterized by ߙො and ߚመ , the DES and ߠ and ߶,the rotation angles of the 

respective components.  Since these are rotation matrices, certain simplification can be made.  

For instance, let 

 መ݂ᇱ = ܴଶ መ݂ (B.2)

and, 

 ܴଵᇱ = ܴଵ(ߠ, ܴଶ ො) (B.3)ߙ

so that, 

 ො݃ = ܴଵᇱ ,ߠ) (ොᇱߙ መ݂’ (B.4)
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where, 

ොᇱߙ  = ܴଶߙො (B.5)

Equation (B.4) is allowed, because the operation ܴଶ ܴଵ is equivalent to the rotational axis of ܴଵ 

being rotated by ܴଶ which was alluded to in [18].  The angle of rotation of ܴଵ is also preserved 

by the rotation of ܴଶ.  In addition to that, it is necessary to account for the input, መ݂  being rotated 

to the new input መ݂ᇱ by ܴଶ.  The new system would look like: 

ܴ1′ ,ߠ) ′ොߙ ) 
መ݂′ ො݃ 

 

Figure B-2: The simplified system with only one system component.  All other components 
have been integrated into the one system block and the input has to be changed to reflect the 
effect of the existing system component. 

This method allows us to combine multiple components into one provided we ensure that the 

DES and the input SOP are changed to reflect the rotation effect of the component being 

integrated into the rest of the system.  In addition, the fixed-rotation components being integrated 

into the rest of the system only affect the system components that precede them and not the 

components that follow. Furthermore, it is possible to group multiple system components 

together to create one effective system block.  For example, consider the system: 

,ߠ)1ܴ ,߶)ො) ܴ2ߙ (መߚ ,ߩ)3ܴ  ( ොߛ

መ݂ ℎ෠  

 

Figure B-3: A system with three rotational polarization components and a new output ࢎ෡ 

which can be described by: 

 ℎ෠ = ܴଷ(ߩ, ොߛ )ܴଶ൫߶, መ൯ߚ ܴଵ(ߠ, (ොߙ መ݂ (B.6)

Using the above technique, the first two system blocks can be combined.  
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 ℎ෠ = ܴଷ(ߩ, ොߛ )ܴଵᇱ ,ߠ) ܴଶߙො) (ܴଶ መ݂) (B.7)

   

 ℎ෠ = ܴଷ(ߩ, ොߛ ) ܴଵᇱ ,ߠ) (′ොߙ መ݂′ (B.8)

And the effective system block diagram becomes: 

ܴ1′ ,ߠ) ′ොߙ ,ߩ)3ܴ ( ොߛ ) 
መ݂′ ℎ෠  

 

Figure B-4:  The effective system block diagram after combining ࡾ૚ and ࡾ૛ together from 
Figure B-3 

Consider again the system in Figure B-3.  Instead of combining ܴଵand ܴଶ together, another 

equivalent system can be to integrate the ܴଷ system block component with the other two 

components. 

Using the rules above, the output is 

 ℎ෠ = ܴଶᇱ ൫߶, ܴଷߚመ൯ ܴଵᇱ ,ߠ) ܴଷߙො)(ܴଷ መ݂) (B.9)

 ℎ෠ = ܴଶᇱ ൫߶, መᇱ൯ܴଵᇱߚ ,ߠ) (ොᇱߙ መ݂′ (B.10)

And the final system block diagram will look 

ܴ1′ ,ߠ) ′ොߙ ) ܴ2′ (߶, መߚ ′ ) 
ℎ෠  

መ݂′ 

 

Figure B-5: The effective system after integrating ࡾ૜ into the other two system components. 
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We do not combine the system components any further, as these are the components that are 

directly related to the control parameter. As a result, their rotation matrices will change with 

respect to the control parameter. 

These techniques provided the basis in understanding how to model the bidirectional system. 

Consider the system: 

ݐݑ݋ݏ̂ ݐ̂ ݊݅ݏ̂ 

 

Figure B-6:  The vectors as plotted on the Poincare sphere used to characterize the system for 
the DES vectors and the angular response to the applied voltage. 

We proceed with the same system equation that characterizes the input-output characteristics of 

the PC: 

௢௨௧ݏ̂  = ܴ௉஼,ோ ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ܴ௉஼,ி ௜௡ (B.11)ݏ̂

where ܴ௉஼,ி and ܴ௉஼,ோ describes the actuator’s forward and reverse transmission matrices and 

௙ܴ,ி , ௙ܴ,ோ  describe the sections of fiber between the PC and the FBG and ܴ௠௜௥௥௢௥ describes the 

reflection matrix. 

Using the simplification techniques, the new effective input and transmission matrix becomes 

 ܴ௉஼,ிᇱ = ܴ௉஼,ி൫ߠ, ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ොଵ൯ (B.12)ߙ

௜௡ᇱݏ̂  = ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ௜௡ (B.13)ݏ̂

So the new relationship becomes: 

௢௨௧ݏ̂  = ܴ௉஼,ோ ܴ௉஼,ிᇱ ௜௡ᇱݏ̂  (B.14)

At the polarimeter, the output SOP measured is also affected by fiber: 



B.1  SIMPLIFICATION TECHNIQUES FOR CASCADED COMPONENTS  B-5
 

 

ݐ̂  = ܴ௣௢௟ ௢௨௧ݏ̂  (B.15)

Consider when the actuator is inactive.  By substituting Equation (B.13) in Equation (B.15), we 

find the new effective input, ̂ݐ଴ is: 

଴ݐ̂  = ܴ௣௢௟ ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ௜௡ (B.16)ݏ̂

Now consider when the actuator is active.  Using Equation (B.13) and rearranging Equation 

(B.15) and putting the results into Equation (B.14), we get: 

ݐ̂  =  ܴ௣௢௟ ܴ௉஼,ோ ܴ௉஼,ிᇱ ൫ ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ௜௡൯ (B.17)ݏ̂

Rearranging, 

 ܴ௣௢௟ିଵ ݐ̂  = ܴ௉஼,ோ ܴ௉஼,ிᇱ ൫ ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ௙ܴ,ிିଵ ܴ௠௜௥௥௢௥ିଵ ௙ܴ,ோିଵ ܴ௣௢௟ିଵ ଴൯ (B.18)ݐ̂ 

and simplifying, 

 ܴ௣௢௟ିଵ ݐ̂ = ܴ௉஼,ோ ܴ௉஼,ிᇱ ܴ௣௢௟ିଵ ଴ (B.19)ݐ̂

Thus we can see the relationship between the input and output SOP is equivalent to the 

relationship between measured output SOP and the initially measured SOP.   
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Bidirectional Geometric Model Derivation 
C  
In this Appendix, we present the derivation of Equation (3.23), the geometric equation for the 

bidirectional model. 

C.1. Derivation 

From Chapter 3, the output of the bidirectional model was given in the form of Equation (3.19).  

The expanded form of Equation (3.19) is: 

(ߠ)ଶݐ̂  = (ߠ)ଵݐ̂) − (ߠ)ଵݐ̂) ⋅ (ොଶߙ (ොଶߙ cos ߠ + (ߠ)ଵݐ̂) − (ߠ)ଵݐ̂) ⋅ ×(ොଶߙ (ොଶߙ ොଶߙ sin ߠ + (ߠ)ଵݐ̂) ⋅  ොଶߙ(ොଶߙ
(C.1)

where, ߙොଶ is the reverse DES vector of the system block diagram in Figure 3-6. ̂ݐଵ(ߠ) is the 

output of the forward transmission matrix block in Figure 3-6.  The complete form of ̂ݐଵ(ߠ) is 

given as: 

(ߠ)ଵݐ̂  = ൫(̂ݐ଴ − ଴ݐ̂) ⋅ (ොଵߙ(ොଵߙ cos ߠ + ଴ݐ̂) × (ොଵߙ sin ߠ + ଴ݐ̂) ⋅ ොଵ൯ (C.2)ߙ(ොଵߙ

where ߙොଵ is the forward DES vector and ̂ݐ଴ is the initial output SOP of Figure 3-6. We now 

substitute Equation (C.2) into Equation (C.1) and we expand. 

(ߠ)ଶݐ̂  = ൫(̂ݐ଴ − ଴ݐ̂) ⋅ (ොଵߙ(ොଵߙ cos ߠ + ଴ݐ̂) × (ොଵߙ sin ߠ + ଴ݐ̂) ⋅ ොଵ൯ߙ(ොଵߙ cos −ߠ ቀ൫(̂ݐ଴ − ଴ݐ̂) ⋅ (ොଵߙ(ොଵߙ cos ߠ + ଴ݐ̂) × (ොଵߙ sin ߠ + ଴ݐ̂) ⋅ ොଵ൯ߙ(ොଵߙ ⋅ ොଶቁߙ ොଶߙ cos +ߠ ൫(̂ݐ଴ − ଴ݐ̂) ⋅ (ොଵߙ(ොଵߙ cos ߠ + ଴ݐ̂) × (ොଵߙ sin ߠ + ଴ݐ̂) ⋅ ොଵ൯ߙ(ොଵߙ × ොଶߙ sin +ߠ ቀ൫(̂ݐ଴ − ଴ݐ̂) ⋅ (ොଵߙ(ොଵߙ cos ߠ + ଴ݐ̂) × (ොଵߙ sin ߠ + ଴ݐ̂) ⋅ ොଵ൯ߙ(ොଵߙ ⋅ ොଶቁߙ  ොଶߙ

(C.3)
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(ߠ)ଶݐ̂  = ଴ݐ̂ cosଶ ߠ − ଴ݐ̂) ⋅ ොଵߙ(ොଵߙ cosଶ ߠ + ଴ݐ̂) × (ොଵߙ sin ߠ cos ߠ + ଴ݐ̂) ⋅ ොଵߙ(ොଵߙ cos −ߠ ଴ݐ̂) ⋅ ොଶߙ(ොଶߙ cosଶ ߠ + ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ cosଶ −ߠ ൫(̂ݐ଴ × (ොଵߙ ⋅ ොଶߙොଶ൯ߙ sin ߠ cos ߠ − ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ cos +ߠ ଴ݐ̂) × (ොଶߙ cos ߠ sin ߠ − ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ × (ොଶߙ cos ߠ sin ߠ + ଴ݐ̂) × ×(ොଵߙ ොଶߙ sinଶ ߠ + ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ × (ොଶߙ sin ߠ + ଴ݐ̂) ⋅ ොଶߙ(ොଶߙ cos −ߠ ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ cos ߠ + ൫(̂ݐ଴ × (ොଵߙ ⋅ ොଶߙොଶ൯ߙ sin +ߠ ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅  ොଶߙ(ොଶߙ

(C.4)

Using trigonometric identities, 

(ߠ)ଶݐ̂  = ଴ݐ̂ 1 + cos 2 ߠ2 − ଴ݐ̂) ⋅ ොଵߙ(ොଵߙ 1 + cos 2ߠ2 + ଴ݐ̂) × (ොଵߙ sin +2ߠ2 ଴ݐ̂) ⋅ ොଵߙ(ොଵߙ cos ߠ − ଴ݐ̂) ⋅ ොଶߙ(ොଶߙ 1 + cos +2 ߠ2 ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ 1 + cos 2 ߠ2 − ൫(̂ݐ଴ × (ොଵߙ ⋅ ොଶߙොଶ൯ߙ sin −2ߠ2 ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ cos ߠ + ଴ݐ̂) × (ොଶߙ sin 2ߠ2 − ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ × (ොଶߙ sin +2ߠ2 ଴ݐ̂) × (ොଵߙ × ොଶߙ 1 − cos 2 ߠ2 + ଴ݐ̂) ⋅ ොଶߙ(ොଶߙ cos −ߠ ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ cos ߠ + ൫(̂ݐ଴ × (ොଵߙ ⋅ ොଶߙොଶ൯ߙ sin +ߠ ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅  ොଶߙ(ොଶߙ

(C.5)

And finally, the full bidirectional model is given by: 
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(ߠ)ଶݐ̂  = 12 ଴ݐ̂) − ଴ݐ̂) ⋅ ොଵߙ(ොଵߙ − ଴ݐ̂) ⋅ ොଶߙ(ොଶߙ + ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ − ଴ݐ̂) × ×(ොଵߙ (ොଶߙ cos +ߠ2 12 ቀ(̂ݐ଴ × (ොଵߙ − ൫(̂ݐ଴ × (ොଵߙ ⋅ ොଶߙොଶ൯ߙ + ଴ݐ̂) × −(ොଶߙ ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ × ොଶ)ቁߙ sin ߠ2  + ൫(̂ݐ଴ ⋅ ොଵߙ(ොଵߙ − ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ + ଴ݐ̂) ⋅ −ොଶߙ(ොଶߙ ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶ൯ߙ(ොଶߙ cos +ߠ ቀ(̂ݐ଴ ⋅ ොଵߙ)(ොଵߙ × (ොଶߙ + ൫(̂ݐ଴ × (ොଵߙ ⋅ ොଶቁߙොଶ൯ߙ sin ߠ + ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ +ොଶߙ(ොଶߙ ଴ݐ̂ ) 12 − ଴ݐ̂) ⋅ ොଵߙ(ොଵߙ − ଴ݐ̂) ⋅ ොଶߙ(ොଶߙ + ଴ݐ̂) ⋅ ොଵߙ)(ොଵߙ ⋅ ොଶߙ(ොଶߙ + ଴ݐ̂) × ×(ොଵߙ  (  ොଶߙ

(C.6)
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Appendix D  
 

Equivalent System Transformation for Nodal SOP 
Method of System Parameter Extraction 
D  
This appendix will detail how we can create an equivalent system that does not include any of 

the fiber effects between the actuator and the FBG as was discussed in Section 4.2.  This method 

will allow us to fix an SOP trace to a particular nodal SOP. 

D.1. Equivalent System Proof 

The system we are considering is the one in Figure 3-4 and it has the following transmission 

matrix relation: 

ݐ̂  =  ܴ௣௢௟ܴ(ߠ, (ොோߙ ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ,ߠ)ܴ (ොிߙ ଴ (D.1)ݐ̂

with equivalent DES vectors, 

ොଵߙ  = ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ොிߙ  (D.2)

ොଶߙ  = ොோߙ  (D.3)

We have ignored the effects of the fiber, ܴ௣௢௟ connecting the actuator to the polarimeter for now 

in Equation (D.2) and Equation (D.3). 

We are looking for a ߙ෤෠ଵ and a ߙ෤෠ଶ such that they satisfy the relationship Equation (3.12) and 

(4.10).  In order words, we want a system where: 

෤෠ଵߙ  = ൥ ෤ܽଵ− ෤ܽଶ− ෤ܽଷ൩ (D.4)



D -2 APPENDIX D
 

 

෤෠ଶߙ  = ൥ ෤ܽଵ෤ܽଶ− ෤ܽଷ൩ (D.5)

We show there is a rotation matrix by which we can multiply Equation (D.2) and Equation (D.3) 

that will yield the relation in Equation (D.4) and Equation (D.5). Consider multiplying Equation 

(D.2) and Equation (D.3) by ௙ܴ,ோିଵ . 

෤෠ଵߙ  = ௙ܴ,ோିଵ ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ி ොி (D.6)ߙ

෤෠ଵߙ  = ܴ௠௜௥௥௢௥ ௙ܴ,ி ොி (D.7)ߙ

෤෠ଶߙ  = ௙ܴ,ோିଵ ොோ (D.8)ߙ

Let 

ොிߙ  = ൥ܽଵܽଶܽଷ൩ (D.9)

And based on Equation (3.12), 

 

 

ොோߙ = ൥ ܽଵܽଶ−ܽଷ൩ (D.10)

Also, let  

 ௙ܴ,ி = ൥ݎଵଵ ଵଶݎ ଶଵݎଵଷݎ ଶଶݎ ଷଵݎଶଷݎ ଷଶݎ ଷଷ൩ (D.11)ݎ

By Equation (3.11) 

 ௙ܴ,ோ = ൥ ଵଵݎ ଶଵݎ ଵଶݎଷଵݎ− ଶଶݎ ଵଷݎ−ଷଶݎ− ଶଷݎ− ଷଷݎ ൩ (D.12)

As the rotation matrices are orthogonal matrices, the inverse of Equation (D.12) is just the 

transpose: 
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 ௙ܴ,ோିଵ = ൥ ଵଵݎ ଶଵݎ ଵଶݎଷଵݎ− ଶଶݎ ଵଷݎ−ଷଶݎ− ଶଷݎ− ଷଷݎ ൩ (D.13)

Let’s expand Equation (D.6) and Equation (D.7): 

෤෠ଵߙ  = ൥ ଵଵܽଵݎ + ଵଶܽଶݎ + ଶଵܽଵݎ−ଵଷܽଷݎ − ଶଶܽଶݎ − ଷଵܽଵݎ−ଶଷܽଷݎ − ଷଶܽଶݎ − ଷଷܽଷ൩ݎ = ൥ ෤ܽଵ− ෤ܽଶ− ෤ܽଷ൩ (D.14)

෤෠ଶߙ  = ൥ ଵଵܽଵݎ + ଵଶܽଶݎ + ଶଵܽଵݎଵଷܽଷݎ + ଶଶܽଶݎ + ଷଵܽଵݎ−ଶଷܽଷݎ − ଷଶܽଶݎ − ଷଷܽଷ൩ݎ = ൥ ෤ܽଵ෤ܽଶ− ෤ܽଷ൩ 

(D.15)

which is consistent with Equation (D.4) and Equation (D.5). 

However, with the new ߙ෤෠ଵ and ߙ෤෠ଶ, they still need to be able to generate the same output, ̂ݐ.  We 

rewrite Equation (D.1) as: 

ݐ̂  =  ܴ௣௢௟ ௙ܴ,ோ ௙ܴ,ோିଵ ,ߠ)ܴ (ොோߙ ௙ܴ,ோ ܴ௠௜௥௥௢௥ ௙ܴ,ிܴ(ߠ, ଴ (D.16)ݐ̂ (ොிߙ

And the equivalent system from applying the simplification techniques (Appendix B) and 

Equation (D.6) and (D.7): 

ݐ̂  = ෨ܴ௣௢௟ ෨ܴ൫ߠ, ෤෠ଶ൯ߙ ෨ܴ൫ߠ, ෤෠ଵ൯ߙ ଴ᇱݐ̂  (D.17)

where, 

 ෨ܴ௣௢௟ = ܴ௣௢௟ ௙ܴ,ோ (D.18)

and, 

଴ᇱݐ̂  = ܴ௠௜௥௥௢௥ ௙ܴ,ி̂ݐ଴ (D.19)

Hence, we are able to create an equivalent system where there is a relationship between the DES 

vectors and a relationship between the input and the nodal SOP.  

 




