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a b s t r a c t

Phenomenological theories of deformation in brittle solids generally envisage fracture under tension as
the breaking of atomic bonds perpendicular to the fracture plane, thereby ignoring the role of bond
rotation. Using density functional theory calculations, we found that during the early stage of the uni-
axial tension of graphene allotropes with high Poisson's ratios, bond rotation effectively lessens bond
stretch and increases the fracture strain. Specifically, in the deformation of an allotrope, Gr10, with a
Poisson's ratio of 0.8, bond rotation results in an S-shaped stress-strain curve, akin to those of elastomers.
Moreover, the tensile strength (sth) and the Young's modulus (E) of Gr10 exceed the theoretical cohesive
strength limit sthzE=10, reaching sthzE=1:7. However, a universal relationship between bond lengths
and charge density distribution along bond paths was found to be suitable for all carbon-carbon covalent
bonds. Consequently, all carbon-carbon bonds obey a common shape of bond-force vs. bond-strain curve,
with bond strength, S, and bond stiffness, K , following SzK=9; hence, sthzE=10 remains valid for the
low-Poisson's-ratio graphene allotropes whose deformation is dominated by bond stretch. Overall, we
suggest the trade-off between bond stretching and bond rotation can be utilized to enhance the fracture
strain of two-dimensional carbon structures.

© 2018 Published by Elsevier Ltd.
1. Introduction

According to Griffth's theory of brittle fracture [1], a brittle solid
fractures by the breaking of atomic bonds perpendicular to the
fracture plane. In this scenario, the fracture strength of the atomic
bond within a brittle solid devoid of any defects is defined as the
theoretical cohesive strength (sth) of the solid. According to the
theory proposed by Griffth [1], Orowan [2], and others [3,4], sth is
approximately equal to E=10, where E is Young's modulus. Of most
traditional engineering materials, however, the measured tensile
strength is usually lower than E=50 [5] due to the omnipresent
structural defects (such as impurities, cracks, voids). The local
magnification of stress intensity near these defects [1] initiates
crack propagation at an applied stress much smaller than sth.
l and Industrial Engineering,
.
.V. Singh).
Nonetheless, sth is still used to determine the fracture behavior at
crack tips [3,6], dislocation core radius in crystals [7,8], and the
breaking point of coherency at a particle-matrix interface in alloys
[9], where the critical structure involved in these calculations is so
small that no defect is present inside.

Since the probability of finding defects inside a material reduces
as the size of the sample decreases, sth can also be measured
experimentally when the sample size is small enough to avoid any
defects. One commonly used experimental technique to measure
sth is the atomic force microscope nanoindentation of monolayer
2Dmaterials [10]. By suspending 2Dmaterials over open holes with
diameters ranging from 1 to 3 mm, one-atom-thick membranes
with diameters less than 3 mm are obtained, defect-free. Using
similar techniques, researchers have measured a tensile strength of
130 GPa of graphene, close to E=8 [10], 23 GPa of monolayer MoS2,
reaching E=11 [11], and 24.7 GPa of monolayer graphene oxide
films, approximately equal to E=15 [12].

Inspired by the experimental results on 2D materials, a sub-
stantial amount of research has tried to use density functional
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theory (DFT) simulations to study more 2D materials exhibiting sth
close to E=10. For example, DFT simulations predicted an ideal
strength � E=11 for graphene [13], � E=12 for graphene oxide [12],
� E=13 for borophene [14], and� E=13 for g-GeC [15]. Specifically, a
2D structure, stanene, is found to possess sth up to � E=7, breaking
the traditional limit E=10 [16,17]. However, it is still unclear what is
the fundamental reason for such a breakthrough of the theoretical
strength limit in 2D materials. Furthermore, previous research on
the structure-mechanical property relations of graphene allotropes
found that not only bond stretch, angles between different bonds
also change during uniaxial deformation [18,19]. A larger rotation
angle is found in graphene allotropes with higher Poisson's ratios
and lower area densities of atoms, leaving more free space for bond
rotation. Unfortunately, the effect of bond rotation is absent in the
Griffth theory of brittle fracture, with its influence on the theo-
retical cohesive strength unknown.

In this study, first-principles density functional theory (DFT)
calculations were conducted to investigate the fundamental
deformational mechanisms underpinning the exceedance of the
theoretical cohesive strength of 2D materials. First, we simulated
the uniaxial deformation of carbon-based 2D structures and sta-
nene, with Poisson's ratios ranging from 0.16 to 0.8, to study the
influence of bond rotation on the mechanical properties of gra-
phene allotropes. Next, to gain physical insights in the fracture
strength of carbon-carbon covalent bonds, we investigated the
tensile deformation of different carbon-carbon covalent bonds and
analyzed the evolution of charge density distribution during bond
stretching.

2. Methodology

All simulations were performed using the Quantum-ESPRESSO
package [20]. A pseudopotential with Perdew-Berke-Ernzerhof
(PBE) exchange-correlation functional [21] was used along with
MonkhorstePack k-point mesh [22]. The kinetic energy cut-off for
wavefunctions and charge density are 60 Ry and 480 Ry, respec-
tively. Five representative 2D structures were studied, including
graphene, planar C4 Octagraphene (OcGr) [23], Gr11 [24], 18,18,18-
graphene (Gr10) [25], and stanene (Fig. 1(b)), with Poisson's ratios
spanning from 0.16 of graphene to 0.8 of Gr10. The unit cells of each
structure are illustrated in Fig. 1(b). There was a 20Å vacuum in the
out-of-plane direction to avoid any inter-layer interactions. Each
system was initially relaxed using a conjugate gradient minimiza-
tionmethod. The convergence threshold on the self-consistent field
(SCF) procedures, the total energy for ionic minimization between
two consecutive scf steps, and the Hellmann Feynman force on each
atom are 1.0� 10�6 Ry, 1.0� 10�4 Ry, and 0.001 Ry/Bohr,
respectively.

Strain-controlled uniaxial tensions were performed on the unit
cells of different structures. Strains were applied by dilating the
unit cells along the loading direction and an equal affine trans-
formation to the atomic positions. The deformed conformationwas
then subjected to an energy minimization routine to obtain its
ground-state configuration. During the relaxation, the cell di-
mensions in the tensile axis were kept constant to preserve the
overall strain. It is important to note that in most of previously
reported DFT simulations [13,15,16,18,19,26e28], the cell dimension
in directions perpendicular to the loading axis was kept constant,
prohibiting any dimensional changes in the transverse direction
during relaxation. This boundary condition is against the experi-
mental uniaxial tension, in which the transverse surfaces are usu-
ally kept free, allowing for the Poisson effect, the phenomenon in
which a material tends to compress in directions perpendicular to
the direction of tension (Fig. 1(a)). It is in the free-boundary
boundary condition that the Young's modulus of the material is
defined as the initial slope of the stress-strain curve [1e4], E ¼
lim
ε/0

d sðεÞ=dε. Thus, to mimic a more realistic scenario, the free-
boundary condition was applied in our simulations. The influence
of boundary condition on the uniaxial deformation is discussed in
detail in Supporting Information Section 1.
3. Results and discussion

3.1. Stress-strain responses

The uniaxial stress-strain curves of graphene, OcGr, Gr11, Gr10,
and stanene are shown in Fig. 1(c). They are non-linear from the
beginning of the loading. For graphene, OcGr, Gr11, and Stanene,
the slope of their stress-strain curves decreases with strains,
reaching zero when the stress increases to their ultimate tensile
strength (UTS). Different from other structures, however, the
stress-strain curve of Gr10 has an increasing slope up to a strain of
0.17 and then the slope decreases, resulting in an S-shape stress-
strain curve and the largest fracture strain among all the five
structures. Besides, the deformation mechanisms of these struc-
tures are illustrated in Fig. 1(d). During the deformation, the unit
cell dilates in the loading axis but shrinks in the transverse direc-
tion: the dilation is accommodated by bond stretch; rotation of
bonds inclined to the loading axis introduces contraction in the
transverse direction. When stretched to the fracture strain, all
structures fracture by the breaking of bonds undertaking the most
substantial elongation, bonds that are usually parallel to the
loading axis as described in the Griffth theory of brittle fracture [1].

According to the Griffth theory of brittle fracture, the sth of any
brittle material is approximately equal to E=10, where E is the
Young's modulus. Because all the models used here are devoid of
any defects, sth is the UTS of the stress-strain curve in Fig. 1(c). In
our simulations, the E=sth for graphene and stanene are 8:9 and
8:21, respectively, comparable to the E=10 limit [25]. Previous DFT
simulations also got � E=12 for graphene oxide [12], � E=13 for
borophene [14], and � E=13 for g-GeC [15], all close to the
approximation E=10. Furthermore, the atomic force microscope
nanoindentation of monolayer 2D materials suspended over open
holes measured a sth of E=8 [10] for graphene, E=11 [11] for MoS2,
and E=15 [12] for graphene oxide. However, this limit is not valid for
OcGr, with E=sth reducing to 5:8. Specifically, E=sth of Gr10 even
plummets to 1.7, much lower than the traditional approximation
E=sthz10.

The low E=sth for Gr10 is attributed to its unique S-shape stress-
strain curve, with a significantly reduced Young's modulus but an
undiminished UTS. This S-shape stress-strain curve bears some
resemblances to the deformation of elastomers such as poly-
urethane [29,30], of which the stress-strain curve is also charac-
terized by elastic moduli increasing with strains (Fig. 1(e)). In
addition, though non-linear, the deformation of polyurethane up to
the UTS point is entirely reversible, analogous to that of Gr10. With
an irregular structure, weak intermolecular attractive forces, and
flexible polymer chains, polyurethane can be easily stretched by the
straightening of amorphous polymer chains from their curled po-
sitions into partially extended conformations. By the re-orientation
and unfolding of polymer chains, external deformation can be
accommodated with little additional lengthening attributed to the
more difficult covalent-bond stretching, which is responsible for
the increasing slope of its stress-strain curve as strain increases.
However, while polyurethane is famous for its considerable
nonlinear elastic strain (over 1000%) [29,30], the fracture strain for
Gr10 is only 0.33; nonetheless, 0.33 is still the largest fracture strain
among all the five structures.



Fig. 1. The unique stress-strain curve of high-Poisson's-ratio graphene allotropes in free-boundary uniaxial tension. (a) The uniaxial loading of Gr11 under the free-boundary and
fixed-boundary conditions. (b) The atomic topologies of four graphene allotropes and stanene. Atoms colored by green in stanene belong to a different plane with the other blue
atoms. (c) The free-boundary uniaxial stress-strain curves of the five representative structures. (d) The atomic conformation at fracture strain. The unit cell of each structure is
illustrated by a black rectangle. (e) The uniaxial tensile stress-strain curve of polyurethane elastomer [28]. (A colour version of this figure can be viewed online.)
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3.2. Deformational mechanisms underpinning elastomeric stress-
strain response

Despite the unique shape of its stress-strain curve, Gr10, like all
the other structures, can only deform by bond stretch and bond
rotation. Besides introducing contraction in the transverse direc-
tion, bond rotation also undertakes a part of the elongation in the
uniaxial direction, akin to the lessening of covalent bond stretching
in polyurethane by the unfolding of molecular chains. To investi-
gate the interaction between bond strain and bond rotation in
graphene allotropes, we plotted in Fig. 2(b) the rotation degree Dq
of seven bond angles and in Fig. 2(c) the strain of five bonds: the
angles are labeled by numbers in Fig. 2(a); the bonds investigated
here are colored by blue. As shown in Fig. 2(b), Dq of q5 and q6 in
Gr10 at each strain value is larger than that of any other angles, with
Dq of q1 in graphene the lowest. In contrast to bond rotation, at
each applied strain value, bond strain is the lowest in Gr10 and the
largest in graphene (Fig. 2(c)). Thus, when more bond rotation ac-
commodates the external deformation, less contribution from bond
stretching is required. Since less force is needed to rotate a bond
than to stretch a bond [19], the enhancement in bond rotation
decreases the elastic modulus, especially in Gr10. However, as the
applied strain increases, the slope of DqðεÞ decreases, reflecting a
diminishing effect of bond rotation. On the other hand, all the re-
lations between the bond strain and the applied strain have
increasing slopes, indicating an intensifying effect of bond stretch.
Accordingly, as the applied strain increases, bond rotation becomes
less effective in undertaking external deformation; thus, more
deformation is accommodated by bond stretch, resulting in a
strain-hardening curve of Gr10. Finally, when the effect of bond
stretch overtakes that of bond rotation, Gr10 behaves like the other
structures, deforming with a strain-softening behavior until
fracture.

To further investigate the deformationmechanism of the atomic
ring in graphene allotropes, we separate the strain of the largest
atomic ring into a strain due to bond rotation (εqring) and a strain due
to bond stretching (εlring), a strategy which was implemented in a
previous study of polyimide [31]. εqring and ε

l
ring are defined as

follows

ε
q
ring ¼

Pn
i¼1l

0
i

�
cosq1i � cosq0i

�

L0
ε
l
ring ¼

Pn
i¼1cosq

0
i

�
l1i � l0i

�

L0
(1)

Where l0i and q0i are the initial bond length and bond angle; l1i and



Fig. 2. Competition between bond stretch and bond rotation in uniaxial tension of graphene allotropes and stanene. (a) Atomic topologies of four graphene allotropes and stanene.
(b) The relation between applied strains and rotation degree Dq of seven angles labeled in Fig. 2(a). (c) The relation between applied strains and the strains of bonds colored by blue
in Fig. 2(a). (d) The relation between ε

q
ring and applied strain. (e) The relation between ε

l
ring and applied strain. (A colour version of this figure can be viewed online.)
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q1i is the corresponding bond length and bond angle after the
structure is deformed; L0 is the initial dimension of the atomic ring
in the tensile axis, and n is the total number of bonds within the
atomic ring. The evolution of εqring and ε

l
ring with the applied strain

is plotted in Fig. 2(d) and (e), respectively. Generally, at small
strains, bond rotation is favorable, and ε

q
ring is always larger than

ε
l
ring. However, in the large loading region, the deformation resis-
tance to bond rotation becomes larger than that to bond stretching;
hence, the relationship between ε

q
ring and the applied strain levels

off, while ε
l
ring increases steeply with strain. Additionally, like the

relationship between DqðεÞ and the applied strain plotted in
Fig. 2(b), εqring is the largest in Gr10 and decreases with Poisson's
ratios; analogous to the bond strain plotted in Fig. 2(c), the ε

l
ring is

the lowest in Gr10 and increases as the Poisson's ratio decreases.
Overall, the analysis εqring and ε

l
ring confirms that the bond-rotation

effect becomes essential in high-Poisson's-ratio graphene allo-
tropes, and that the enhancement of bond rotation would release
bond strain.

The competition between bond rotation and bond stretch is also
reflected in the area expansion rate. Since bond rotation is mainly
accounted for the contraction in the transverse direction, the area
expansion rate of high-Poisson's-ratio graphene allotropes, with
more bond rotation occurring during deformation, could be smaller
than that of low-Poisson's-ratio graphene allotropes. For example,
as shown in Fig. 3(a), at each strain value, graphene has the highest
area expansion rate due to its lowest Poisson's ratio. OcGr and Gr11
have similar area expansion rate due to their almost equivalent
Poisson's ratios (0.64 and 0.6). However, the area of the unit cell of
Gr10 even shrinks to 99% of the initial unstressed area at a strain of
0.12. As the bond-rotation effect is gradually overwhelmed by the
bond-stretch effect, the area increases to the original value at a
strain of 0.17, the same strain that divides the strain-hardening part
and the strain-softening part of the S-shape stress-strain curve of
Gr10.

Despite having high Poisson's ratios, OcGr does not exhibit the
unique S-shape stress-strain curve but rather the typical strain
softening behavior (Fig. 1(c)). A major reason for that is due to its
smaller carbon rings than that in Gr10, its Poisson's ratios (~0.6),
notwithstanding higher than that of graphene (0.16), are still lower
than that of Gr10 (0.8). Thus, the influence of bond rotation in OcGr
is less pronounced than in Gr10. For example, the E=sth of OcGr
(~5.8), although less than 10, is still higher than that of Gr10 (~1.7).
Moreover, as bond stretch accounts for elongation in the tensile
axis while bond rotation introduces contraction in the transverse
direction, the ever-expanding area of the unit cell of OcGr during
deformation (Fig. 3(a)) indicates the bond-stretch effect surpasses
the bond-rotation effect. Hence, due to the dominance of bond
stretch, the shape of its stress-strain curves is still conventional.
Only when the Poisson's ratio reaches 0.8 in Gr10 could bond
rotation finally overwhelm bond stretch. The resulting quantitative
reduction of E=sth is so significant (~1.7) that even qualitative
changes emerge, such as the S-shape stress-strain curve (Fig. 1(c))
and the areal shrinkage at small strains (Fig. 3(a)).

Underpinning the contraction in the transverse direction is a



Fig. 3. The force equilibrium on the transverse direction during uniaxial tension. (a) The ratio between the area of the unit cell at the deformed states and the initial state of four
carbon-based 2D structures during free-boundary uniaxial tension. (b) Part of the unit cell of Gr10 is used to illustrate the force equilibrium during the free-boundary uniaxial
tension. Blue arrows represent the force direction, and dashed lines represent the initial position of bonds. (c) The two methods to reach a new force equilibrium by either
compressing or stretching the bond perpendicular to the loading axis. (d) The strain of covalent bonds highlighted by red in Fig. 2(a) and perpendicular to the loading direction. Also,
part of the unit cell of Gr11 is shown to illustrate the geometrical confinement of the three-atom ring. (A colour version of this figure can be viewed online.)

H. Sun et al. / Carbon 143 (2019) 752e761756
more profound, structural question: how does the deformed
structure retain a free-boundary condition in the transverse di-
rection during deformation? Since the component bond force of the
stretched and rotated bonds reduces in the transverse direction, the
original force balance in this direction is off if bonds perpendicular
to the loading axis remain unchanged (Fig. 3(b)). Thus, a new force
equilibrium must be obtained by either compressing or stretching
the bond perpendicular to the loading direction (Fig. 3(c)). Tensile
strains increase the rotation degree while compressive strains do
the opposite. The strains of bonds perpendicular to the loading
direction (bonds colored by red in Fig. 2(a)) at each applied strain
value are plotted in Fig. 3(d), which shows that only bonds in Gr10
and Gr11 have tensile strain. Thus, bond rotation is suppressed in
graphene, OcGr, and stanene but is promotive in Gr10 and Gr11, at
least at the initial stage of deformation. As the applied strain in-
creases to 0.12, the bond strain of Gr10 reaches the maximum
positive value, and the area of Gr10 shrinks to its minimum value.
When the bond strain becomes negative at 0.17, the strain-
softening behavior of Gr10 initiates, a result of the suppression of
bond rotation and dominance of bond stretch.

Different from all other four structures, Gr11 has a positive bond
strain perpendicular to the loading axis throughout the deforma-
tion process (Fig. 3(d)). This abnormal behavior is attributed to the
geometrical confinement of the atomic triangle in Gr11. Theoreti-
cally, all atomic rings having more than three atoms can be readily
deformed solely by bond rotation, whereas the atomic triangle is
inherently rigid: any bond rotation in it inevitably leads to bond
stretch. Consequently, instead of releasing bond strain, bond rota-
tion in the atomic triangle within Gr11 intensifies bond stretching
(Fig. 3(d)), leading to a premature fracture and a lower UTS than
that of Gr10 and OcGr (Fig. 1(c)). Accordingly, the deformation
mechanisms of graphene allotropes are determined by not only the
largest atomic ring but also the topological constraints of other
smaller atomic rings, especially atomic triangles.
3.3. Bond-force-bond-strain relations of covalent bonds

Besides the effect of bond rotation on mechanical properties, is
it possible for graphene allotropes to break this traditional cohesive
strength limit with only bond stretch? If so, such a graphene allo-
trope much be composed of covalent bonds of which the bond
strength S are larger than K=10, where K is the bond stiffness. To
answer this question, uniaxial tension of 12 different covalent
bonds in stanene, carbyne [32], graphene, OcGr, Gr11, Gr10, SqGr13
[24], Pentahexoctite (PHexOct) [33], and diamond were simulated
(Fig. 4(a)). In our simulations, the strain was applied only to the
tested bonds while atoms belonging to the other bonds were
frozen; the bond energy corresponding to different strains was
obtained by SCF calculations. The bond force PðεÞ acting on the
stretched bondwas calculated as the increasing rate of bond energy
with bond strains PðεÞ ¼ dEðεÞ=dε.

Like the stress-strain responses of graphene allotropes, bond-
force versus bond-strain responses perpetually deviate from line-
arity (Fig. 4(b)), reaches the tensile strength when the curve levels
off, and then gradually decreases. The pseudo-ductile behavior of
covalent bonds seems to contradict with the brittle fracture of Gr10
and Gr11 (Fig. 1(c)), of which stress sharply falls at the fracture
strain. Such a brittle fracture is originated from strain-driven,
structural transformations, which is discussed in Supporting In-
formation Section 2. Herein, bond stiffness K is calculated as K ¼
lim
ε/0

d PðεÞ=dε; the bond strength (SÞ of each bondwas defined as the
tensile strength of its force-strain curve. According to our hypoth-
esis, K=S should be lower than 9 for some covalent bonds. However,
the values of K=S for all covalent bonds are approximately equal to 9



Fig. 4. Tension of 12 covalent bonds. The 12 covalent bonds tested here are labeled by letters in subfigure a. Their force-strain curves are shown in subfigure b. (A colour version of
this figure can be viewed online.)
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(Table 1), matching with the traditional theoretical cohesive
strength limit.
3.4. Charge-density analysis of covalent bonds

To understand the physical insight behind the nearly identical
K=S of all the tested 12 covalent bonds, we analyzed the charge
density distribution along these bonds. According to the theory
developed by Bader [34e36] and other authors [37], a covalent
bond is formed as the charge density rðrÞ accumulates along the
bond path between the two bonded atoms (Fig. 5(a)). The mutual
boundary between two atomic volumes intersects this line of
concentrated charge density at a saddle point rC, where the rð rCÞ
of both sp2- and sp3-hybridized bonds attains a local minimum
along the bond path but is maximum along transverse directions
[34e36] (Fig. 5(b)). The charge density distribution in sp bonds,
however, is different from that in sp2 and sp3 bonds. For example, in
SqGr13, the bond A-B and C-D are sp2-hybridized while BeC is sp-
hybridized (Fig. 5(c)). In the sp bond BeC, since no saddle point
exists, we define the bond critical point as the middle point be-
tween atom B and C, where rð rCÞ is the maximum in all directions
(Fig. 5(d)). Additionally, due to the nearby sp bond, the saddle point
along the sp2 bond A-B is not at the center of the bond but close to
atom A.

rðrCÞ is an important parameter in determining the bond force
for it is proportional to the force exerted on the bonding electrons
by the nuclei [37]. In this work, we found that the rðrCÞ of all the
carbon-carbon covalent bonds labeled by letters in Fig. 4(a) share a
universal relationship with their initial bond lengths L0 (Fig. 6(a)).
Table 1
Mechanical properties of 12 covalent bonds labeled by letters in Fig. 4(a). K and S are
the bond stiffness and bond strength of each bond. L0 is the initial length. εUTS is the
strain corresponding to UTS. εB is the strain defined by Eq. (6). εL is the strain when
the Laplacian of the charge density at saddle points is zero (V2rðrCÞ ¼ 0).

K(eV) S(eV) K=S L0 (Å) εUTS εB εL

a 112.8 13.59 8.3 1.23 0.29 0.28 0.45
b 74.95 8.13 9.22 1.38 0.29 0.27 0.42
c 61.22 6.19 9.89 1.48 0.26 0.25 0.31
d 79.95 8.31 9.62 1.35 0.29 0.29 0.41
e 80.51 9.28 8.68 1.32 0.34 0.33 0.3
f 81.33 8.31 9.78 1.42 0.27 0.28 0.43
g 75.68 7.72 9.81 1.37 0.28 0.29 0.34
h 69.83 7.54 9.26 1.4 0.28 0.27 0.35
i 120.3 14.42 8.34 1.23 0.31 0.31 0.36
j 45.15 3.41 13.2 2.74 0.26 0.24 0.18
k 67.16 6.14 10.9 1.55 0.23 0.23 0.41
m 64.2 9.2 7 1.25 0.39 0.36 0.27
Such a relationship is also suitable for the rðrCÞ and L0 of the
carbon-carbon bond in ethylene [37], benzene [37], ethane [37],
and cyclopropane [37]. Moreover, for stretched bonds, such as the
stretched sp bond in Gr10 and sp2 bond in OcGr in Fig. 4(a), the
relationship between their elongated bond lengths and the corre-
sponding rðrCÞ also overlaps with that between rðrCÞ and L0. Not
only is the relationship between the value of rðrCÞ and the corre-
sponding bond lengths suitable for all carbon-carbon covalent
bonds, but also the charge density distribution of different bonds
near rC would become similar if they were stretched to the same
length. For example, in Fig. 6(b), we plotted the charge density
distribution of an sp bond in Gr10 (the bond ‘i’ in Fig. 4(a)) and an
sp2 bond in OcGr (the bond ‘d’ in Fig. 4(a)) stretched to the same
length of 1.56 Å. Along the three directions shown in Fig. 5(a), the
two bonds share a common charge density distribution. Specif-
ically, different from the charge density distribution of the relaxed
sp bonds (Fig. 5(d)), a local minimum of the charge density along
the bond path (Direction 1) is formed in the stretched sp bond
(Fig. 6(b)), a distribution identical to that of the sp2 bond stretched
to the same length.

Since all carbon-carbon covalent bonds share a universal rela-
tion between their bond lengths and the charge density distribu-
tion near the bond critical point rC, the difference in the initial bond
length can be viewed as different initial strains ε0. If we apply such
initial strains ε0 of different bonds to their force-strain curves, the
original force-strain curves of all carbon-carbon covalent bonds can
overlap each other into a universal force-strain relationship
(Fig. 6(c)), which can be expressed in a Taylor series of strains as
follows [12].

PðεÞ ¼ A1εþ A2ε
2 þ A3ε

3 þ A4ε
4 þ… (2)

where Ai; i ¼ 1;2;3… are fitting coefficients. Depending on the
value of ε0, K of different bonds can be written as lim

ε/ε0
dPðεÞ=dε.

Based on this universal force-strain curve, the bond strength P of
different bond is P ¼ Puniv � Pðε0Þ, where Puniv is the UTS corre-
sponding to the universal force-strain curve PðεÞ and ε0 is the initial
strain of the bond. According to Eq. (2), K=S is given by

K
S
¼

lim
ε/ε0

dPðεÞ=dε
Puniv � Pðε0Þ

¼ A1 þ 2A2ε0 þ 3A3ε
2
0 þ 4A4ε

3
0 þ…

Puniv � A1ε0 � A2ε
2
0 � A3ε

3
0 � A4ε

4
0 �…

(3)

For small values of ε0, Eq. (3) becomes independent of ε0.

lim
ε0/0

K
S
¼ A1

Puniv
z9 (4)



Fig. 5. Charge-density distribution near covalent bonds. (a) A Charge-density isosurface with a value of 1.68 Å�3 in OcGr is used to show the bond structure, the bond critical point
rC, and the three directions used to study charge-density distribution. (b) Charge-density distribution near rC in the three directions illustrated in subfigure a. The horizontal
coordinate represents the distance from rC. (c) A charge-density isosurface with a value of 1.68 Å�3 in SqGr13 is used to show the difference between charge-density distribution
along sp bonds and that along sp2 bonds. (d) Charge-density distribution near rC along the direction A/B/C/D. All data points are simulation results, and curves are fitting
curves connecting discrete data points. (A colour version of this figure can be viewed online.)

Fig. 6. A universal relationship between the charge-density evolution and bond force of covalent bonds. (a) The relationship between charge density at saddle points rð rCÞ and
bond lengths, including both the initial length and stretched length. (b) The charge density distribution along the same three directions illustrated in Fig. 3(a) near the rC of two
bonds, “i” and “d”, labeled in Fig. 4(a), stretched to the same length of 1.56Å. (c) The universal force-strain curve valid for all carbon-carbon covalent bonds after adjustments of
initial strains ε0 based on their initial bond lengths. (d) The relationship between bond lengths and the initial strains ε0. (A colour version of this figure can be viewed online.)
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When ε0 is smaller than 0.1, the values of K=S are approximately
equal to 9. In the range of the initial bond lengths (1.22 Å to 1.55 Å),
the charge density decreases linearly with increasing bond lengths,
resulting in a linear relation between ε0 and bond lengths
(Fig. 6(d)). Even for the maximum adjustment, 0.09 of sp3 bonds in
diamond, Eq. (4) is still valid. Thus, K=S of all the carbon-carbon
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covalent bonds are approximately 9.
3.5. The fracture mechanism of different covalent bonds

Although the UTS of the force-strain curve of each bond is
treated as its bond strength, the force after UTS points did not drop
abruptly, exhibiting a pseudo-ductile behavior. Thus, the fracture
mechanism of the covalent bond has not yet been fully developed.
It is possible that the mechanical integrity of an atomic bond might
still hold after its UTS point. Since the charge density at rC is the
minimum along the bond path, the disintegration of a bond always
initiates from rC. The critical bond-breaking strain is often deter-
mined by the Laplacian of the charge density at rC (V2rðrCÞ)
[34e36] because V2rðrCÞ of any scalar field is negative where the
scalar field is a concave function of the position. For example, in the
one-dimensional case

lim
Dx/0

frðxÞ � 1=2½rðx� DxÞ þ rðxþ DxÞ�g

¼ �1=2 lim
Dx/0

f½rðxþ DxÞ � rðxÞ� � ½rðxÞ � rðx� DxÞ�g

¼ �1=2d2rðxÞ=dx2 (5)

When d2rðxÞ=dx2 <0, rðxÞ> ðrðxþ DxÞþ rðx� DxÞÞ=2, the value
of rðxÞ is larger than the average value of its neighbors, a result of
the concentration of electrons at the point x. In a 3D space, V2rðrÞ is
calculated by summing up the three eigenvalues of the Hessian
matrix of charge density HðrðrÞÞ,

HðrðrÞÞ ¼

2
6666666664

v2rðrÞ
vxvx

v2rðrÞ
vxvy

v2rðrÞ
vxvz

v2rðrÞ
vyvx

v2rðrÞ
vyvy

v2rðrÞ
vyvz

v2rðrÞ
vzvx

v2rðrÞ
vzvy

v2rðrÞ
vzvz

3
7777777775

(6)

where x; y, and z are three orthogonal space vectors. The three
eigenvectors corresponding to the three eigenvalues l1; l2; l3 are
labeled as direction 1, direction 2, and direction 3, respectively. As
shown in Fig. 5(a), direction 1 is along the bond path; direction 2
lies on the atomic plane of graphene allotropes and is perpendic-
ular to the bond path; direction 3 is perpendicular to the atomic
plane. To analyze the evolution of the three eigenvalues during
bond stretching, we plotted in Fig. 7(a) the relation between the
three eigenvalues and bond lengths for the sp2 bond ‘c’ (1.48 Å),
bond ‘d’ (1.35 Å) in OcGr, and the sp bond ‘m’ in carbyne (1.23 Å).
For all the three bonds, l3 and l2 are always negative and converge
to zero at an infinite bond length; accordingly, electrons always
concentrate at rC in the two directions perpendicular to the bond
path. l1 is always positive for sp2 bonds, reflecting the structure of
the saddle point at rC (Fig. 5(c)); however, l1 is initially negative for
sp bonds, matching with the maximum charge density in all di-
rections at rC of sp bonds (Fig. 5(d)). As bond lengths increase, l1
first increases but finally decreases as all eigenvalues converge to
zero at infinite bond lengths.

Since V2rðrCÞ is the sum of the three eigenvalues l1; l2; l3,
V2rðrCÞ is less than zero when jl3j þ jl2j> l1, and the charge den-
sity concentrates at rC; otherwise, the charge density disperses at
rC. In Fig. 7(b), we plotted V2rðrCÞ and the corresponding initial
bond lengths of all the 16 bonds shown in Fig. 4(a), as well as
V2rðrCÞ and bond lengths during bond stretching. Generally,
V2rðrCÞ increases with bond lengths but gradually ceases to in-
crease when V2rðrCÞ is larger than zero. The point at which V2rðrCÞ
becomes positive is always regarded as the bond-breaking point
because after this point electrons do not concentrate at rC anymore
[37]. Consequently, the strain at which V2rðrCÞ ¼ 0 (εL) should be
equal to the strain corresponding to UTS (εUTS). However, for most
of the bonds studied here, εL are found to be larger than εUTS
(Table 1); electrons continue to accumulate at rC after UTS points.
Therefore, it is inaccurate to use the strain at whichV2rðrCÞ ¼ 0 (εL)
to explain the bond-fracture mechanism of covalent bonds and
estimate the strain corresponding to UTS.

Except for the physical criterion based on V2rðrÞ, a commonly
accepted mechanical definition of the UTS point is the initiation of
necking. Since the force exerted on the bonding electrons by the
nuclei is proportional to rð rCÞ, we obtain

dP
dε

����
ε¼εB

¼ dðrð rCÞsð rCÞÞ
dε

����
ε¼εB

¼ rð rCÞ
dsð rCÞ

dε
þ sð rCÞ

drð rCÞ
dε

¼ 0;
dsð rCÞ
sð rCÞdε

¼ � drð rCÞ
rð rCÞdε

(7)

dsð rCÞ=dε captures the hardening behavior due to the increasing
potential energy per electron with strains while drð rCÞ=dε signifies
the softening due to the decreasing rð rCÞ with strain. When the
physical-hardening effect overwhelms the geometrical-softening
effect, deformation proceeds in a stable mode. The external load
must increase to introduce further deformation of the covalent
bond. As the bond length increases, however, the hardening coef-
ficient dsð rCÞ=dε decreases with strain (Fig. 7(c)). Consequently, a
critical strain (εBÞ is reached at which the effect of physical hard-
ening and geometrical softening balances. At even larger strain, the
physical-hardening effect cannot compensate the geometrical-
softening effect anymore, and the external load will decrease but
because of the diminishing charge density at the saddle point
(Fig. 7(d)). The calculated balancing point εB according to Eq. (7) is
very close to εUTS (Table 1). The absolute error between εUTS and εB
is within 7.7%, and the mean error is 3.2%, affirming the validity of
our explanation on the bond fracture mechanism and approxima-
tion of UTS points.
4. Conclusions

In summary, we showed that bond rotation plays a significant
role in the deformation of graphene allotropes with high Poisson's
ratios. As a result, graphene allotropes with Poisson's ratios close to
0.8, such as Gr10, have an S-shape stress-strain curve with UTS
(E=UTSz1:7), exceeding the traditional theoretical cohesive
strength limit E=UTSz10. Such a deformation mechanism usually
belongs to elastomers like polyurethane. However, the Young's
modulus and UTS of polyurethane are much smaller than that of
Gr10. Further analysis found that the deformation of Gr10 is
dominated by bond rotations initially and then by bond stretch at
large strains, thereby increasing the fracture strain. Besides the
influence of bond rotation, in-depth analysis of the deformation of
covalent bonds indicates that the force-strain curves of all bonds
follow an identical bond-force vs. bond-strain relation after ac-
counting for initial strains owing to the differences in initial bond
lengths. Therefore, all carbon-carbon bonds share a constant ratio
between bond stiffnesses K and bond strengths S (K=Sz9). The
charge-density analysis elucidates the reasons why the traditional
cohesive strength limit E=UTSz10 is suitable for brittle materials
deformed mainly by bond stretch. Overall, this study suggests how
an exciting interplay between bond stretching and bond rotation
can enhance the fracture strains of graphene allotropes.



Fig. 7. The fracture of covalent bonds by the necking of charge density. (a) The relationship between the three eigenvalues of the Hessian matrix of the charge density at saddle
points Hðrð rCÞÞ and bond lengths. (b) The relationship between V2rð rCÞ and bond lengths, including both the initial lengths and the stretched lengths of bond “k”, “m”, “e”, “i”, “a”,
“c”, and “d” in Fig. 4(a). (c) The relationship between bond force per electron at saddle points sð rCÞ and bond strains. (d) A Charge-density isosurface with a value of 1.68 Å�3 is used
to illustrate the decreasing charge density at rC along the bond path. (A colour version of this figure can be viewed online.)
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